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PAC learning model
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Random Walks Pagerank

Stationary Distribution
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Conductance Fiedler's algorithm
for low conductance
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Discrete Fourier analysis Property testing
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Buy or rent
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TB's GB's
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Model n items K cache slots n k

1 2 3 4 5 6 7 nt n

DAD DID IT M D D EI
hard drivethat

D D D M D D Eu Eu Eu Eu
1 2 3 KY K

RAM

items is iz m requested online

items get loaded into cache when served

n k evict items from cache
















































































cache strategies who to evict

1 2 3 4 5 6 7 nt n
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hard driveth H
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1 2 3 KY K

RAM

items is iz m requested online

items get loaded into cache when served

n k evict items from cache

good item already in cache when requested
bad have to load item into cache when

requested cache miss
















































































Requests Cache k 3
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I 1 I 3 1 3 4

2 I 2 5 5 3 4

1 1 2 2 5 3 2

4 1 2 4 I 5 I 2

1 I

Can we come up w smart caching
strategies and improve performance
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Model n items K cacheslots n

5555555mF is a

Caching Strategies 5,1 RAM

items is iz m requested online

Least frequently used LFL itemsgetloadedintocachewhen serv
n K alsoevict itemsfrom each
Goal minimizecachemisses

Least recently used LRU

Not recently used NRU aka 1 Bit LRU

mark requested items

evict unmarked items
if all cache items marked then

remove all marks and try again
Totally random
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Model n items K cacheslots n

5555555 É is a
harddrive

pkn14 if 8 0 0Worst Case Analysis RAM

items is iz m requested online

itemsgetloadedintocachewhen serv

count A Cache misses n k alsoevict items from each
Goal minimizecachemisses

Try to minimize
caching strategies

Least frequentlyused LEU
Least recently used LRU

Notrecentlyused NRU aka 1 Bit LRU

mark requested items

adversary can always request evict unmarked items
if all cacheitemsmarked then
remove all marks and try aganew item and force cache miss

cache misses unbounded
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Model n items Kcacheslots n

5555 Firm isis a
harddr

plkmIf if gugugu
RAMReframe analysis competitive items is iz m requestedonline

itemsgetloadedintocachewhen serv
n K alsoevict itemsfromeach

moment

Goal minimize cachemissesif there is a good cache strategy then Caching Strategies
Least frequently used LFU

we want to find a comparablygood one
Least recentlyused LRU

mark requested items
evict unmarked items
if all cacheitemsmarkedthen

competitive analysis remove allmarks andtry aga

minimize ratio FE.is eess
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Competitive analysis of LF U
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Competitive analysis of Egg
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1

LIU has unbounded
a 1 1 1
rounds

competitive ratio E E
1 I

1 x I

3 1 2 1 2

2 1 3 2 3

y 1 2 2 3

rounds G
2 1 3 2 3

3 12 2 3
















































































not recentlyused

Competitive Analysis of NRU
Recall
NRU I Bit LRU

mark requested items

evict unmarked items
if all cache items marked then

remove all marks and try again

Claim NRU has competitive ratio Ek
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Competitive Analysis of NRU
Recall
NRU I Bit LRU

mark requested items

evict unmarked items
if all cache items marked then

remove all marks and try again

Claim NRU has competitive ratio Ek
















































































NRU I Bit LRU
mark requested itemsClaim YpRYYt I k evict unmarked items
if all cacheitemsmarked then
remove all marks and try again

Proof fix sequence of requests

Ei ez ez e4 es es ez Eg Eg Cio eh er 93,94

split into runs whenever we reset marks
resetmarks resetmarks resetmarks resetmarks resetmarks

er ez ez e4 es es ez es Eg Go eyer fufuta
each run between resets has k distinct items

NRU has s k misses per run
















































































NRU I Bit LRU
mark requested items
evict unmarked items

resetmarks resetmarks resetmarks resetmarksresetmarks if all cacheitemsmarked then
remove all marks andtry again

each run weenie has k distinct items

gyyyyy.ggLEf4
es D7e8 Eg Goemptybmf r splitinto runs whenever we resetmarks

first item after run is distinct from
the k distinct items in the run

OPT has I miss per run why

Any cache must miss either

one of the last K l items in run

1st item in the next run
















































































resetmarks resetmarks resetmarks resetmarksresetmarks Nru I Bit Ru
mark requested items

Lkf41esg
7e8 e9 eigenfymAmfm o evict unmarked items

if all cacheitemsmarked then
remove allmarks andtryagai

first item after run is distinct from
the k distinct items in the run

each run atweenresets has k distinct items

one of the last kt items in run

Any cache must miss eitherNRU has I k misses per run

1st item in the next run

OPT has I miss per run
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Competitive Analysis of NRU
Recall

NRU I Bit LRU

mark requested items
evict unmarked items
if all cache items marked then

remove all marks and try again

Theorem NRM has competitive ratio Ek

LRU is a special case of NRU

better
















































































Randomized NRU 1 Bit LRU

mark requested items

evict uniformly random unmarked items
if all cache items marked then

remove all marks and try again

claim randomized NRU is

Ollogk competitive in expectation
















































































Randomized NRU 1 Bit LRU
claim randomized NRU is mark requested items

evictuniformlyrandomunmarkeditem
if all cacheitemsmarked then

Clogk competitive in expectation
remove all marks andtryagain

proof

split into runs whenever we reset marks
resetmarks resetmarks resetmarks resetmarks resetmarks

Eisele
es es eio.eu er.m m u

each run coetween resets has k distinct items divided into

new items that are not in previous run

repeat items also in previous run
















































































Randomized NRU 1 Bit LRU
mark requested items
evictuniformlyrandomunmarkeditem
if all cacheitemsmarked then

in OPT's cache remove all marks andtryagainE items both claimrandomizedNRU is
not in NRU cache Ollogk competitive in expectati

potential

spent.mswheneverresetmarks resetmarks

egeemesigjeites.ea.espconsider a single run le es 4 Wed
each run betweenresetshas k distinctitemlet Ein II before run Fout I after run new items not inprevious run

l new items in run k e repeats

claim OPT misses ZI FIN

why












































































in OPT's cache Randomized NRU 1 Bit LRU
E items both mark requested items

evictuniformlyrandomunmarkeditemnot in NRU cache if all cacheitemsmarked then
remove all marks andtryagain

resetmarks resetmarks claim randomizedNRU isconsider a single run le es eq eco en Ollogk competitive in expectati

splitinto runs wheneverwe resetmarks

Egenesite s e espI __g before run

pe mem also in previous r

f new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

OPT misses Z L FIN

claim OPT
I

misses I out

why



in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandomunmarkeditemnot in NRU cache if all cacheitemsmarked then
remove all marks andtryagain

resetmarks resetmarks claim randomizedNRU isconsider a single run le es eq eco en Ollogk competitive in expectati

splitinto runs wheneverwe resetmarks

Eghemesite s e espI __g before run

pe mem also in previous r

f new items in run K l repeats each run atweenresetshas k distinctitem
new items not inprevious run

OPT misses Z L FIN I

OPT misses I out

OPT misses zltqgt.FI



in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandomunmarkeditemnot in NRU cache if all cacheitemsmarked then
remove all marks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run e eg eg eco en Ollogk competitive in expectati

splitinto runs wheneverwe resetmarkslet Ein I before run Fout I after run
É ÉÉ.fies.ea.eteipiii

each run betweenresetshas k distinctitem
new items not inprevious run

e new items in run K l repeats

repeat items also in previous rNRU miss all l new items
OPT misses21 8511

PINRU misses 1st repeat E
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PINRU misses 2nd repeat E et lk

PINRU misses ith repeat I ltitlk



in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandomunmarkeditemnot in NRU cache if all cacheitemsmarked then
remove all marks andtryagain

resetmarks resetmarks claimrandomizedNRU isconsider a single run le es eq eco en Ollogk competitive in expectati

splitinto runs wheneverwe resetmarkslet Ein I before run Fout I after run
É e

s e esp
each run betweenresetshas k distinctitem
new items not inprevious run

e new items in run K l repeats

repeat items also in previous rNRU miss all l new items
OPT misses21 8511PINRU misses ith repeat I Kit
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Ellen k
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in OPT's cache Randomized NRU 1 Bit LRU
items both mark requested items

evictuniformlyrandomunmarkeditemnot in NRU cache if all cacheitemsmarked then
remove all marks andtryagain

consider a single run trestle Eg eg egg
s claim randomized Nru is

Ollogk competitive in expectati
let Ein I before run Fout I after run splitinto runs wheneverwe resetmarks

É ÉÉk
s e esp

each run betweenresetshas k distinctitem

e new items in run K e repeats

Tt OPT misses htt per rap
new items not inprevious run

IT NRU misses Elt l Ink

et L total new items over all runs

total OPT misses It Fend Jin it
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Randomized NRU 1 Bit LRU
et L total new items over all runs mark requested items

evictuniformlyrandomunmarkeditem
if all cacheitemsmarked then
remove all marks andtryagain

total OPT misses claim randomizedNRU is

Ollogk competitive in expectati

splitinto runs wheneverwe resetmarks

É e
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H Nru misses e
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each run betweenresetshas k distinctitem
new items not inprevious run
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Caching

Buy or rent



Skiing seems fun

but you don't own skis

rent or buy
depends on

how many
times you end
up skiing



Buying a car

or take

everywhere



Keep hard drive

spinning when

not in use

even more relevant
in trend towards

heterogeneous systems
emphasis on power consumption



model

k dollars to buyinteger

1 dollar per day to rent
D days we Ski inhindsight

tricky don't know l

each day we decide to buy rent online



s to buy I per rent D ski days

If we knew l

if eek rent every day
if lek buy on first day
OPT min k l
in hindsight



Is to buy I per rent D ski days

OPT min k l
in hindsight

goal online strategy
competitive w OPT

Question
shimmpie 2 competitive algorithm



Is to buy I per rent D ski days
OPT min k l
in hindsight

goal online strategy competitive w OPT

2 competitive algorithm
first K l days rent

k th day buy
E cost 2min k E3 2 OPT



Half skis

buy 1 ski for k 12 dollars

za
L

still need 2 skis each day

OPT in hindsight Min K l

Ask rent both skis each day
1 No elk Guy both skis each day

sign a
Better than 2 competitive ratio



suppose you can

buy 1 ski for k12 dollars

Still need a skis eachday

OPT hindsight min be

I lek rent bothskis eachdayrent I ski for Yadollars
1315 7 Guy bothskis each day

Better than 2 competitive

hazy Day stg buy one ski
day

Day k buy 2nd ski

for 1 5148
pay Sgt 981 GOPT

rentboth Guy1
for l in between better than

for lek pay
5 21.381 k E KOPI

rentboth rent1 buyboth



Liquid skis

buy 1 ski for 142 rent I ski for Ya OPT min k l

Mfg

Better than 2 competitive

day spezza Day 581 buy one ski

Day k buy 2nd ski

Similarly
If you can buy skis by the fourth
then competitive ratio would improve more

Continued to the limit arbitrary fractions



X fractional skis bought on day 1
x fractional skis s

on day 2

Xi fractional skis bought on day i 7 xi

Yi fractional skis rented on day i

m i n k x t Xe ty t ye
S.t X t t X t y 21 for each day i



Xi fractional skis bought on day i
Yi fractional skis rented on day i

m i n k x t Xe ty t ye
W X x y I 8 en

1 x

OPTCin hindsight min k l

if lek set x m Xe O and y ye O

if l 3k set x l and xz
m

xe y m

ye O



fractional skis bought on day i ti i

min kex tutte ty t ye
S.t X t tx t y 21 for each day i
OPT in hindsight min k l 33374
Idea let 870 TBD

Pay Its every day until we completely buy on day k

then competitive ratio Its

day 1 Its Kx CI x X E
day 2 1 8 15

2 4 x x2 Xz 8k
q

day i Its kxitll x x x shift



xi fractional skis bought on day i ti station

jigged

on day
min k x tutte ty t tye
K X t t x y I 8 each da

OPT inhindsight min k l

Idea let 870 TBD

Pay Its every day until we completelybuyondayk
then competitive ratio Its

Xi IT Stx t tri i
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