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« make congtanf degree ° Take, random wq]k * W\se 600\'\ Vi, &S Candom * 1§ %el, decides Xel wl congfndt prob.

- © \& x¢L, olways decdes AEL
expand e G-LV,E V, ~,\ m b S_ . : ! ) Y
w™iNt€{0 % s Yo th wdonce cy . o
w/ V__. {0‘1-3‘“ ! {‘ 'j- (BP“PQS\ S a Yondom. 90\\,‘\'\we, o‘%o '\'\\o'u\" on m(.\\:( x.

_ v/
w/ 1= OL\ogk M o5 0&\30 & xel, decides el wl prod 2%3
* 1§ x4L, decdes EL w/ prob. 273

Theorem
Given RP/BPP algo, ore can et exror peob o w/
. OL\og(‘/sﬁ'S—o\C\'o( norease n mm\ng Yiwe

. O(\og(vim oddifional randow bits

{Lemmo

(7 (e,gv«\w(, \mo\'\fe,éﬁd vl/ SPQ.JVQ\ 339 K
Bcv, m=18\/IVi

ra'\dom WQ\\< \l\' 5l | \’“ (V‘ wm raw\e\awb

COT\S‘\AQ( RP (one-sided eccor)

X :
_ N\ vefo 3" “bod & algo
F{ [v‘l 4" V“ 661 é (\ - (\ M\v) ::‘J\(;:: &?(of w/ v («s:ma:rxgki\'@
let B=%{bad v%
Qx?ano\e.\’ o.mp\ W eaon
Sonls 155 @ifice candom
wolkk s n B



: : RP 1§ therds o condow. polytime olgo Y, on el X:
H ] L leVd 'de‘q (ondomized peyromi ime)

° L ) L w/ 'kox‘\' (‘oB_
« make conglant dearee * Take yandom walk ° Wse eoch Vi s Candom 1§ %€l decides el wl/ contot

& XEL, Q\wo\\l,s decdes AEL

expand e &: W, Vy,~ Vg €{oAX" bi¥s $oc th wdtance BPP i there’s o vondom. poftme olgo Hhal, on inpal x:
vl V= {0'13 w/ t= OL\Og(VQ) 05 G\go e s xel, decides XeL wl prod 2%3
* 1§ x4L, decdes AEL w/ prob. 273
Theotem

Gven RP/BPP algo) one can el exvor erdb o w/
. OL\og(‘/sﬁ'S—o\C\'o( tcrease Wn running Yime

. O(\O%L\/im oddifional randow bits

Lemmo exponder Crennds
G (e,gv;\w(, wndicecled w/ s?e.c'Sfa& PP V=\-¢

fG“O\Om WQ\\< \l\. 7, \I-\' (v‘ Wil vandom)
3: V% [ol 1—3' M= E[&(V\‘S (w/ veV wnS. Yandowm)

SO( e ( 1 consider BPP el eeod
O \ cal vEfD X" “bod” & oo
ﬁ ' ' m&k% efcof W/ V (as \'w\domab'\'\'Q

let B=%bad v%

,\,E\ L L (Sor exawple)
N~ 3

P | é‘rLVD ~mlzep 8\ < o et¥ (exe "@) g

Candom Wollk 18 \n B
~ e ek(e-8)




G cequar w/ s T RP
s‘ 8 ?e'c' ?P S ‘Xel—, decrides Xel wl congtaat ?('OB_
Pf OO

S: V'» tO, 1‘3' /I\T'E[%LVX‘X & XEL, Q\\NO\\I,S decdes AEL

BPP S 's o dom. poWty ol on wnpal X:
e ﬁé(o, 13 (““JMS Fondom. polhme o\%o ) On et X
) * & xel, decides Xel wl prod 2%3
* 1§ x4L, decdes X¢L w/ prob. 23
Theorem
Gven RP/BPP algo) one can el exvor erdb b w/
P[S(VD* o~ *& LVQ z )’] . OL\og(‘/sﬁ‘S'qé\'o\’ nerease “wnning Yime

\ . O(\ogt"aﬂ odditiona\ randowm bits
< EJ o T(5tvdr—¥5lug )’k -T2 P

pd\S"\:\w.re,'s o Yondow. polytime olgo Y, on el X:

Let F=di 0«3( D TN FRFRFe

) )

C,\ . E[ e‘\’(&(xla\w’f‘stvk\)]: ‘\Y;<1L, F(P_;f)k 1>

consider B?? (fwo-sided eccod)
call vefo 5" “bad” & a\a_o

“\Uk% efcof W/ V  (as vandom bits)

AL -Efuke o sep, colest ] i

=3 -

W

(FR)

exponder omg\iica¥ion

L-F[fake ke ops, cled & ench Sep]



S': N-=> [0,13 ) /A‘E[&L\A‘X JSE Pay‘?u:\:\'ue'ls o tondow. \"’°\‘I.“W\Q« Q\%o e, on et X:

P[S’(VD“M *’S‘ LV‘) pA ).] * 15 xeL, decides Xel wl consear peck,

& XEL, Q\wqxls decdes AEL

WBPPJSMS o Vondom. pohitime o\go thal, on wnpu¥ x:
< Ef o Y5t~ +scvm] oA s o ey

* 1§ x4L, decdes EL w/ prob. 273

Theotem
. ."S{V Gven RP/BPP algo) ot can el exvor erdb o w/
Le'r F: A \O\ ( Q D o e*stv“3 . OL\Og(‘fﬁﬁ‘S'qé\'o( weresse (mnn\ng Tiwe
é ) ) : O(\og(‘/im odditional random bits

< E [ Rt stv,m]: Jﬁ A, F(Rﬂk 1>

Ly R= T(tem) 4R w/ WRWL\-T =€

down: IF2RF%2|< E.e:\’

consider BPP it e
cal vefo 3" “bod & a\g_o
“\Ok% efcof W/ V  (as vondom bits)

let B=1bad v%

=3 N

ex?aw\e\' o«ne\'\%'\ coNon
Sols 195 oY \east haly o
Candom Wollk 18 \n B



$:V>To4), m=E[SA) RP 1 theres o fondom. polyTime. olgs 4hat, on ingal x:

P[S(VD“M *’S’ LV‘) pA ).] * 15 xeL, decides Xel wl congear peck,

* & x¢L, olways decdes AEL

(WBP*PJSMS o Yondow. W\me Q\%" thol, on wnpd¥ x:
_<_ E [ QT (S(V\)‘\'”" "’S’va\)-k e-"‘-a * 1§ xel, decides Xel wl prob 2%3 "

* 1§ x4L, decdes EL w/ prob. 273
Theorem

\V) Gh RP/BP? a\qo, one an oel exvor ecob o w/
L e:r F: A" Qé( Q." S’( D' a-f', e*stvns) ‘Ve(;n(\cg(‘/ﬁﬁ‘%o\%é\';( 'w.tec\sé ‘\\\e :mnn\ng( tiwe :

\/ E [ e‘\'(%(va\w‘t ‘stv,,))]: Jﬁ <1L, F(Rﬂk 15
Le¥ R= L(tef) 4R w/ WRNE\-T =€
CAIF2RFRN< ee

o WF¥2 (11 F*21 ¢ E[™] 7 O

“\Ok% efcof W/ V  (as vandom bits)

. O(\og("im oddifional randow bits

let B=1bad v%
J‘E/\\ é-\g (Sor uawv\e)

ex?am\e.r omg\ i calion
Sonls 5 oY \east haly o
Candom Wollk s \n B



$:N>To1), m=E[StV) RP 15 4herds o vondom. polyTime olgo that, on inga x:

P[S(VD“M *’S’ LV‘) pA ).] * 15 xeL, decides Xel wl consear peck,

* & x¢L, olways decdes AEL
(WB\?PQSMS o Yondowm. Po\j‘\"m G\%o thel, on WpaY X

< E [ QT(S(V\}\'* S’L‘lp\)-k Q’T;\ s wel, decides el wl weeb 273

* 1§ x4L, decdes EL w/ prob. 273

.‘.S,( ) s( Theorem
_ ) v‘ * v 3 Gwen RP/BPP q\gp, one Can %z‘\' ercor oo 0w/
Le:r F_ A ‘Qé( 0, ) v ) @, n . OL\cg(‘/m'S—o\é\'o( tocrease W Yunning Yime

. O(\og("im oddifional randowm bits

v E[ Rt &Lv,m]: Jﬁ < F(Rﬂk 1>
Ly R= T(tem) 4R w/ WRWL\-T =€
¢ IF2R Fe) < ee

consider B?? Hwo-sided eccof)

« \\ F\Iz (1®1) sz “ é E[Q_‘\’s(‘h] call vefo S “bad” i olgo

“\Ok% efcof W/ V  (as vandom bit)

let B=1bad v%

JE\ V4 -\’ (Soc examge)

\ \
WF2RF*\<
- ex?am\e.\' ome\ i calion
Sanls 195 oY \east WY oF
Candom Wollk 18 \n B



S:v> \:0,1‘5 , /A=E[§iﬂ} <§PA W)S'_\:\‘"és a Yondowm. polyfime olgs thal, on ned¥ x:

P[S(VD“M *’S’ LV‘) pA ).] * 15 xeL, decides Xel wl consear peck,

* & x¢L, olways decdes AEL
(WB?PJSMS o Yondom. PO\\,'\;M o\%o -\\\&\', on ‘m?ﬁ X

< E [ QT(S(V\}\'* | S‘L‘lp\)-k Q’T;\ s wel, decides el wl weeb 273

* 1§ x4L, decdes EL w/ prob. 273

Theotem
. ."S'(V Gven RP/BPP a\go) onme can gell exvor erdb v/
Le-r F = A \O\ ( Q D o e*stv“3 . OL\Og(‘/im‘S'qé\'o( werease (mnn\ng Tiwe
é ) ) : O(\og("im odditional random bits

N4 E [ Rt &Lv,m]: Jﬁ < F(Rﬂk 1>
Lef R= T(tem) 4R w/ WRWL\-T =€

C PR AL et
¢ W2 (41 F2I ¢ E[ ™ T o

mokes efcof W/ V (s candom b1
let B=1bad v%
) 2
J “ F /z RF\/Z \\ Z (‘\"\"‘ ) Lﬁ“' l’b \%\\é 1 e
- e’ expander amg\ii cafion
Sols %5 oY \east haly oF
Candom Wolkk 18 \n B




$:V>To,1), m=E[5t)) RP therds o fondom. polyfime. olgs 4hat, on ingal x:

P[S‘(VD“M *’S’ LV‘) pA ).] * 15 xeL, decides Xel wl consear peck,

& XEL, Q\wqxl.s decdes AEL
BPP 15 there's o vomdom. polfime dlgo thal, on inpat x:
p ) R (Mi:m:‘pii::?:\“ ) )
S E[ QT(SLV\)* +vaF\ OT * & xel, decides Xel wl proo 2%3
e * 1§ x4L, decdes EL w/ prob. 273
Theotem

*5(\, ‘ Given RP/BPP algo, ore can %z‘\' ercor oo 0w/
e n . OL\og(‘/m‘S'oﬁo( nerease Cwnning Yme

Let = o\'\o%( J 9(\0' ~

V E [ Hotar %Lv,m]: Jﬁ < F(Rﬂk 1>
v “ Fyz RF‘/Z\\S e}('\'\"\'z) (et ,ub

<4, FRE 1Y <

. O(\og(‘lim oddifional randow bits

consider BPP Guowit eccod
call \IE{O,I'SM “vod & a\go

“\Uk% efcof W/ V  (as vandom bit)

let B=1%bad v%
JE\ V4 —L (500 exm-v\e)

N3
ex?am\e.r ome\ i calion
Sanls 155 oY \east hal¥ oF
Candom Wollk 18 \n B



RP 1§ theres o vondom. pelytime. alge ik, on nea¥ x:

S 7(&['/ decides XeL wl constodt ‘)FOB_
& XEL, q\woqs decdes AEL

(BPPlS 'f\'w-rt.'s a Yondom. polifime olgo thal, on wnpal x:
* 1§ xel, decides el wl prod 2%3

* 1§ x4L, decdes EL w/ prob. 273
Theorem

Gven RP/BPP a\go) one can gell exvor erdb o w/
o O(\cg(‘/im‘%qé\'o( Wworesse (vmn\ng Twne

. O(\O%L\/im oddifional randow bits

consider B?? (fwo-sided eccod)
call vefo 3" “bad” & a\a_o

“\Ok% efcof W/ V  (as vandom bits)
let B=1bad v

\B\ 4 '\’ (‘Jo( exawe'\e)

N\ 3 N

exponder omg\¥ication
Sonls 155 oY \east haly o
Candom Wollk 18 \n B



: : RP 1f 4therds o condowm. polytime olgo Y, on gl X:
H ] L leVd 'de‘q (condomized pebyromi fime)

) L } L w/ 'kox‘\' (‘oB_
« make conglanf degree ° "’ake ramdom wq‘k * WSe eQC}\ Vv, a8 Candom W xel, decdes xe condloit p

¢ XEL, Q\wo\\l,s decdes AEL

expand e &: W, Vy,~ NVt €{oAX" biYs $oc th wmdtance BPP i5 there’s o vondom. potme olgo Hhal, on inpal x:
vl V= {0'13 w/ ¥= OL\Og(vg) 05 G\go e (s xel, decides XeL wl prod 2%3
* 1§ x4L, decdes EL w/ prob. 273
Theotem

Gven RP/BPP algo) ot can gell exvor erdb o w/
. O(\og(‘/sﬁ‘%qé\'o\’ erease “wnning Yime

. O(\O%L\/im oddifional randow bits

‘/LC\MW\O\ i expon dex Onerno®S
G (e,gv;\w(, wnohcected w/ ngc‘SrA 0P v=\-¢

fGV\O\Om WQ\\< \l\' , \I‘\' (v‘ Wil vandom)
S': V.» ‘:OI 1—3’ M= E[&(V\‘X (w/ veV wnS. vandow)

S e ( 1 consider BPP il eeod

“ \ N vefo 8" “bod” 1§ alge

“ ﬁ ' ' ::lk% efcof¢ W/ V (a \'w\domgb\'\'g
let B=%bad v%

_\E\ 4 ‘L (80( exaw‘a\e\
N~ 3

P\ %*LVD ~mlzep 8\ < o et¥ (exe "@) g

Candom Wollk 18 \n B
~ e ek(e-8)




T\ (em RP W& Theres o Tondow. Po\\l'\'\me, Q\%o et on \“?\Z\' X

S ‘)(6'—, decides XeL wl conZtoat ?(‘O'o,
* & x¢L, olways decdes AEL

Gven RP/BPP a\go, one can gt exvor geob o w/

. O(\og(‘lsﬂ - Fadlor werease n Cwnning Yivne BPP i5 fharcs o rondom. politme. clap Hhet, on iepatx:
. O(\o%(\léﬂ oddifional random bi¥s : {‘; xc;lz o\ﬁjes x:ll: w// ?r: 333
° V¥ A¢L, decrdes X wil proe. Z ‘3

00000000

H '31‘ l Q,Vd | ole,q “expondes amphicstion”

« make conglant degree
QXPQV\dQC G:LV,
w/ V= {02%"

‘ Take. random walk
Vi, Nt € {,0,115'“
w/ = O(\og(v 5\)

. Wse each V. as Candom
biYs Soc th wilonce
OS 0&\ 59



\& N be conslont de.%fe.e. prcmokr
w/ o\e,gre.e, d, A% vertices, Tz7/3

G,= H* v gcaph tensor producy
.7
Z\g' 2_053 ?"OA\AQ‘X




Pow Q(\wa_

2 T3 2

3

2 2 2
2

G G G?

G°= agogh wl an edge Sor every K Sep walk in G
(w/ cepetition)
Fondom walk R Y eigenvolues 3, MY ) ) A
M= \-0-3eY O

deg(e.e. efeases  rom A Yo A\ ',‘\



Zio-zo . a Z((a \’D
3“3 b )
let G be c}’ﬂz%u\o\(‘ %ﬂ O\)‘

H be o\c're.%u\oxc w/ d veffiees

veiices: VXN = 1 (u,0): ueN, veVys

edges: Soc (v, \ENXN Y, ¥ k€D )"
‘\’\\Q. (\(\,k:}*\\ V\e.\g\\‘(?o( DS' (V\,.\b S (Vz,.‘c-\\ wheve.:
\

5
) Loy ()8 () sy (1) s, (0
1] ) iy \ 19 19 13 -~ 14
k\ kz

where:
a) is a step in H from 4, to its kith neighbor, 5.
b) moves v; to the isth outgoing neighbor of vy, vs.
¢) moves from s to i3 where vy is the izth neighbor of vs.
d) moves i3 to its koth neighbor in H.

. (
°
-
.

(<o Z(G,N) s d:‘regm\mﬂ



Zig 209 produd Z(G W)
let G be C)\’(‘E%_\A\o.f
H be o\o“(e_gu\oxc w/ d verlices
vertices: \IGK\I\_\= 1 (u,v): ue\lb,ve\l“-'s

e.dae,s: Soc (v, 0NeNXNe, ¥ kDo)
The (k\,k:)'\\\ m'\%\\\oof o> (V\,'\D ) (Vz,'u\\ wheve:

Lemma: Z(GIW) hos I el il il

e (a)is a step in H from iy to its kyth neighbor, 5.

)
 (b) moves v; to the isth outgoing neighbor of vy, vs.

(
°nA vechees e i
2
- a eqree A
2
* special qop 4., 0y

(so Z(G,M) is d:"\’egv\\o\(‘3



| W be consont de.%fe.e. prcmokr
w/ o\e,gre.e, d, A% vertices, Tz7/3

G,= H* v gcaph tensor producy
.7
Z\g' 2_053 ?"OA\AQ_X




Te\\so( ?(oc)& wals
Sor AT ReR T,
A®R & o \\neac Ynap on W\m“ deSned 57

(A®R)C= ACB  So¢ CeR™"
spetial tse:
(PR ked) = (ANSRA)  ceR, de®’
Fod: A®R hos eigenvalues AaAg where

lﬁ 1S on e.iaemla\mg o7 A,
e B




Tensor produdt I®R
Nxd :
I®R\.\ v o lnear wop on ® ) IS e 5‘/

((TORNON), = Ry¥y ReR™

whece  Xy= v row o5 XK,

Fact I®(AYR) = I®A + I®Q



(xop\'s Tenso(
le¥  G=(\E), G=0v,E)
G® G, = (VxV,, EXED
\[‘x\lz: {(\I"\[’) : \I\Q\’\' “7_&’\1215
E\XEQ_: i (L“\;“z)n (v, v)Y: (—U\:Vae &, (ugyvy) C"E;S

S R = fandom walk Sor G

Rlz — 37— —e P (’L

Thea R ®R, = tandom walk Soc GG,



\& N be consiont de.%fee. expandec
w/ degree 4, A? vertices, ¥z7/3

G,= H*
G‘\"\\ - Z ((.().\.® CJ-S-\ \’D

in= 3(0\9\ wl Qo\ge, Soc every k Fep walk i

; (w/ ve,ed'\\"twh ;
P 2L GERRG 10)

Edeg(ee wefeases  Stom A o A

A Q
gioph G G686 (B6) ZUGeGT\) s o
i °nA vechee :
VerTices N hl hl “7‘ &\% E . o\eé(‘ee, 0\35

degree 4" 4 o d o AR T e Ay

E w/ lp, 1S an eia_e.m/a\me_ sy A, ;

g ¥ b/ \"'E;'ﬂ" @K‘UZ)CI/ Y e g |



227 (25-%) DS
3 .Y



(mBmg pu\.\)\?ma\hytrels @ \"ondo‘«\ Pb\\i‘\me' Q\%D -“\(i\. on -\V\?\R\' xX.

° 1§ %el, decides Xel wl cond¥oi¥ prob.
* & x¢L, olways decdes AEL

<§§§;£i&"‘"" a Vondom. 90\1‘\"m o\%o thal, on wnpat x:
* § xel, decides XelL wl proo 2%
* 1S x4L, decdes gL w/ prob. 23

Theorem

Gwen RP/BPP 4\3.0, One Can ée.‘\' eccoc ecob © w/
e OC\og(‘/ M- Fadtor wmerease Cunning Tne

. O(\o%(vﬁﬂ oddifional random bits

deos?



T\ (em RP W& Theres o Tondow. po\\i\'\me, Q\%o et on \“?\Z\' X

S ‘XELI decides XeL wl conZtoat ?(‘O'o,
° & x¢L, os\wa\\[s decdes AEL

Gven RP/BPP a\go, one can gt exvor geob o w/

. O(\og(‘lsﬂ - Fadlor werease n Cwnning e BPP i5 fharc’s o rondom. politme. clap Hhet, o iepatx:
. O(\og(‘/aﬂ oddifional random bits : g‘; xilz d:c'?c;es x:ll: wI/ ?r:: >z://g,
° V¥ X¢L, decrdes X wil proe. Z ‘3

00000000

H '31‘ l Q,Vd l ole,q “expondes amphicstion”

« make conglant dearee
_expand e G=(v,E
w/ V= {01%"

‘ Take. random walk
Vi, Nt € {,0,115'“
w/ = O(\og(v 5\)

. Wse each V. as Coandom
biYs Soc th wionce
OS 0&\ 59



