Dermmnidic  comnectnity

In \ogo\ﬂ\\\m\c. spoce



Lednee 1

Peob abo\\\"(\'

EvesYs, Pe hol\ities,

Condifione) e ool \ities,

Won oouwnd

Rondom va tiables,
expeded value,
\.\Y\Q.a('.\‘\’\l oY ex?ef.\’ci\'ion
Mockov's \he.quq\'\‘\y

i iBng idea:  we only wont the a\qugg

E E\Q_\, Y.z {1 1§ ith dJause saticSied

___________________________________________________________________________________________________________________

Tranely 5 Ergeidion
- EDeYI=EDAHER] L

Q\Je_még_, Sum = Sum wmméqé

O  octherwise

m
Z= 2;\\(‘ Z ¥ Adouses salisSied
\=

O otwerwise Geg, ; : E[Z]__LEYZ\'X T—) X aE[Z\m s'] :

Er‘{-]‘ 7/3 (4 Adouse cose) : ;
F fes = [2 } ZEH] Vw2 either B2\ o E[Z\X=5Y is >E{23‘

[Expedied conning e 8 Quect BTN W% ;
B v W el ; et
'k N et W/ gy, -
ROJ\AON\ dvide and congques i wi‘; . W‘:: X P([ e «u
. X{ st devet o e _
H [ Compaced Yo i sma— ANnJdd-—-0®
: © pick rordorm “est : O ahermise 1
: | \W| I 1 5% = Fetol ¥ compncisons mode Hhdem 1s compaced wl ja,
H i by the algocithy &>
[ @ Dide A i o pacts L G fthorgh dem ededred |
i - { o Fsl vonning Time beSere oy element in Lafiween |
[eewn [A][> et I e L WISV EREE
i - P
ot racucsiniy soft recuciniy E[ 2x ]@iE[M S EDR)= &

[ row arhyze EIX) i isddfion

< ey, socted ¥ pwdl, sorfed
| o |[%][> eno ||




Le,c’r\»\( 2, 9\

Peob abo\\“\'\\l
Hash  Sunclions,

Unwersal Hadh Funérions .
\‘\EV\}%\( sY. Sor Al ‘P‘"\ e A\,\')E ty\'\:*
PeN= WD)
W)= ((ax16) wod g) med k.

* P pwe, X

cawm 1), e wnd candom

*b i {0, ‘:—\\S umd. Condowmn

M ackov's ‘.Y.V\z.qm a\\‘\'\/

Mar kovs Tne q\r\a\\‘f\l
Let X220 be Y\ov\“ega"f e, RN
P(Y R D.ED(Q ﬁf\;:

A\ 306\’(\'\‘«\5

Frequeney Esfimation,
HQaN\I H\‘\"\' QYS  (in SNeams)

I

I

I

I

14 estwmate & w/
Ay hy CLLTTTT 0y AW




Lectnee 3

Pe oo o‘b.\\\"(\' A\éo(\*\\m S

k-wise inolependlence., Hask 'l'able.s w/
lugkox ordec momenrYs

(g?_hera\\u'\'( wa wawersal hagh
Swndtions ondd Madkov's \v\e,qu\a\\\\/)

____________________ :| [ T2 [ ] I%I%I%I%I%I [ %14 14l |¢%|%3 CERECEN0 \%I%\%\%I% {131l 14l T4l l
kowise. independent hoch Sunctions Seiriiiecaiane A T @WMI A TT faa 7 nnon oz nen ] m;
h: T >10w) 1 Importast lemma Ry I~ Fled | NUNNPEPVRRIE § st sttt o o s g
H vt Sor ol values V,,v,,,(l ! Mm \\‘Na(‘\oﬁ\' [ﬂb{iﬂm X:LAU i : : .
et Soc oy '3 \(e,\/s %, % ~1Fe[1ﬂ H b " =t =t e | oudc .
! 2 ’ ] ' R H H . . I m
H K velues V\.Vv.o’“‘:\/ke]:u]; i E ]C\' x\lm-lxh G{O,\B ‘at r-wise \Y\d@@&\a@)ﬂ-\- I 15 \7( o"é“?‘es _T“ 2, ‘\‘\:; IFo ach k € N, let “
Y HH i P \ o5 LThoo, 2 \ i I 2 _1)i+2 -1
?D\(‘XDN.,\'\("‘,):\’:_, wl\‘(rx‘bz\/\:&: %“\2 : E andk M= E[X ¥+ ] -\-\‘\eh S‘b( ﬁ7OJ E ’ e ' lb e the interval of le gth[Z ( “1a )tered ati. ]
iag. ha)= ao*q\x+q1x‘+~+ok_\x*“ wod p . Yymon *i/l\ 2% P W P
1 ), Vo ;
e pra e Bl A A e T MM 717171 Ik mmm
B : \R\<Q = R 'LK-\-\

O, &, ™ Oy C[P] indep, uniSormly ro\v\o\om

:---------------___________________________________________: : WA WO ki W e



LecYure Y

Peob osbo\\“\"(\' A\ 30(\’(\%\5

GolYor-Weg¥son processes Rwom Con¥acTions

S N Soc wwn it
| e Y ]

i le¥ T = comp\die binacy Teee of \\L\%\{\' K, i
i w/ every e.c)ge, de\eved W] prob £ Va

: L | |
Fods Pleowe leaf connedied Yo <ot 12 @—@ E‘;\;\;\t‘gc';;;;';';;&;g """" B

i - ~Waltson process’ ] Randomized  conteaciions i
aceemenmnnenn e TR i 6= (VE) & WI i Tnglead of fQS\Qf-\‘\ng_ of e
i Treats G=(VE), wegtts cefy, N4 P o
LD whle P || begining, restart pactway through

| @ somgle €£E in propoion to © W1 ; High-level a\goritwm .
| ® "comvacte ¥ @7@ ? d _ |
i od a a ' V—D ® Y'Q\'\onn\y confcacl wahi\ ?('o‘o. !
i @ euen se¥ oF eAé&S Gin cr\g\m\ g\’e\?\\j ‘ml E E {\ os (“.\v( "“\Q . _w_\, .\S ~ \/1 H
i covcaded o nzxm'm'\v\g edqe i P £ N vy N E
et A L |

ToiiED £y make two copies of wacrenty 8ro\9\'s :

/’—D i \ £ S — reanrse on both copies :



LecYure S

Peob abo\\“\'\\l

Mu\'\'\?\\cd\'w e
Chexnc¥S Boundh

Mulfiphcsfive. ChernesS  bound
et X, %X, €00,2]1 be wdependent

M= EYX\'\"""*X\A
eew,\))
o P[XErx, z M < o /Y3

- P[XE-rx, 2 0-m)< e g

A 30(\‘\(\\“\5 (/ cesattd)

Rondom %m‘:\\s
% e g\ ariY  ComponeAl

Erdios- Rén\l'\ %fo\g\-\s Gln, P

° N overTiees

° each e,o\ée, sc».wp\e.e)\ .\\\O\QQQ.Y\AQK“\/
wl  peooolnlity P

constant.

1. If ¢ > 1, then with high probability, there is exactly one connected component of
G with Q(n) vertices, and all other components have size < O(logn).

2. For ¢ < 1, then with high probability, all connected components of G has size
< O(log n)



Lecture 6

Pf' O‘O 0\6\\\*\' (% Yochmaued A\ %‘o(.\)(\mm S

APP( O)(.\Mo.‘\';on.s Vi Max So(\'
\Weac pCo 8(axw\m'm Set Coves

& \"av\o\am\ze.o\ Toun ina_ C.ovex'm%
1\!\‘\'233( v(ogrom\s

LP-Based Apgroximaions

ELihea« programs ()

Similar 7o TP, except no Ih‘fcgra/ify Cohslrains i Do os TP opproximate
: . Y . P e Z_EI(—JX) '“c\-gam\ soldion

min/max Z.L-JX;, lineac okjedtive | | ez zel” ittt inisieininieielelalininteieieinteielells ettt R '

> . b : ! . P - g eqprvivate

n Nineac . P st Azrsl ,X fownding | i Ro\m& \V\g L $Am“(\0¥\ o sdn

over % Q@R M vaciobles | ! ! ai . H A _ . 1.

o A %< b : i (/ LP solwesr I;P:;“‘:\"‘\on E[*x sal. JUMSQS—\ > (\- /?J orT T XE ['Oli'x e \"E{ S\"‘V‘ SY\.\S 1P shee I
AL V=9 i - 'y i H ) = xR |
l. H max 2.6 eR" Vol - L e e e mmemeee—m—m—m————————————— ‘ :
%XFL: onsts | o A”LR / T i °bli%°us (3% S o | e ek e § iy 2 - §
i 37(2 3 ! st EES NS ! E 2 > 2 over ye [o4)", z€ [o1] i ! M\K\M\Am S Cows :
L e Py L3 T8 (I—1/e)n > (3/4)x% 4 S yr S0z 0 = = ) _ i
: / L4 1516 (1-1/0n > (3/4)% EER N S I EE[‘F“ 27(0 oe 2‘2’;‘:"5['"3(‘2“;[;;”35
-------------------------------------------------------------- L5 s/ (-ldu 2% eprineasd noh S e
: 16 S o seRd B A e
:- --------------------- S esssesee e ' Dok 112 (1-1/e)n > (34 18 ¥ e ; :S‘x o POl 1\, T‘"‘:“:“"%Z“ .
N i 1 e . . . st ol = 1
! AoW\\Zdho [ ¢ B\ séts in F covering 1\] =9%, 2| “ s
: {on " i I ¢ @ } e 2%
' HE =4 v L7 !
' . : Con we ot 2-ppx? P -4,%: et
N . 1 P -PYF X "_\: 7 z 270 2 =\ owc xe[od":
R S < N S i neY cover \ ~A) < 053 V4 i
i Conlinmous e Discrete : E &.( pEew iee 57 2
' . . .. H ! N R ¥ ietm]
: o?‘\’ im1zahon op‘f sm;on\on: L PTF cover ) 2\ {388 s
___________________________________________ ) H O otherwise H



LecYure 7

Peob abo\\\"(\'

C O“—Y\V\“ OWS
Randomn  Vaciobles

Vociomee - COheby hevs

Vacrance Reduction

Mo,o\\ (v { o ‘\’( \d&

E VQ(\CM'\CQ,

Vocl))= Efx- EBT )= E - (th\\
Chebyshev's inequality
| Plix-ECal2a) < Y&

WnA\cu\ o%' me,oms E
@ Take neon o (edvce Voionce, :
36( onsfanit prob. o5 eccor

@ Toke wedian Yo qmp\\3~l wecess i
{ prok. QX?OV\E.\'\-\-\D\\\\I '

A\ 30(\’(\%\5

Distind Elewewts

@ @ @ 000000 @ @ @OOOO

A|gs’d‘-\w\ w/
limited space

: Goal: eshmafe ¥ 05 difindd elemedts n the Sreom
&A??ose. Yoo had an ideal hosh Sundion
W. [wd [0}
ond “the crc,\\wv\a Socks s
\ej X, €A ndependent and unSocwly vemdom
X min i\{ - Yg‘g

ﬂ-m ElX)= v

D Sor ench emeny e

[*E(X)= i, z:z;f */
@ etucn -jx}-]_

i(‘e,co.\\ Elx]= lli—\
igon\ dow IX-EX\s & =1

| VJ/ %poo\ ?\‘ob
PLIX-EON 254 )

i Ca\\o.\oy.s\-\u-“
. < Vo (X)) * (K’H'\)l < \v\equa\\m/
' where k o

L Voc00E Gaveed ™
LA how do veduce NacX)

| iwe can go¥ (HHO-APX

i @ el medion oF Yh""'\fa‘

IA\go corvect <> 2% & Yis corcedt
\e,'\' Z=®cocced Y3 Elz]' ol

P[z< (-2)e[A)¢ e .

ideal hath W D) %[0112

E EN/ \0% estoc ?(o‘o. w O(,\/Ql) spoce \v:; ;(MA*&:IQ::“A E
1o . . XS mind ¥ Yg’si
[ vt abodt igh peokebility’ j o el
1o (imdegendedd o B %_ |
i :0) moke g Coples Y, ™ Yq K ik GG |

@ Sor each demedt e i
@ XEminiX Wy !

JHEKY =, ) |
® cetuen -1 E
Vac(x)- EEBAT |
%, Xy indep. copies &5 X |
X=X+~ +XQ) H
Vor ()= Vo ) |

-3 q) 5eayy :
PLxE =X, 20-am ) |



Lecture D

Pf' O‘O O‘b\\\"(\' A\ 30(\3(\\\“ S

Gau.ss'\an
Yoandow Vaciables

Causs\an C m\o\om vaciables

DimenQoha\\{’\’\/
redunon

X~ N(p,6?) i R },};;5;2“;];%}? e i
/ \ E B‘%w&-wc’“\s _ | Pla-allel? < ¢ uA P < 1+ el > 1 - 2074, :
: mean R ; \ \\i‘\\'e(a\\\/ 0\\‘\;/ sexience 18 Fiwe : N S
; . ; oo\ alop\ o \o-ot)e ———o i o P
E DeS: the mce.s‘f; most Pkasavd; Convenient ! oy % © ey O&,«M R«J\&\E ] k{f' \e
; random Vaciable eves ; P W ________ encodes. Text in high dlimensions . .
““'_'_'_'_ ''''''''''''''''''''''''''''''''''''''''''''''''''''''''''' $ o T EY\\Ax\ﬂ = Z,E[(A'X);} = KN
. ' Fadx ‘r/;\.‘r X~ /V(M, ‘*-) AelR. : Dlmehslona||1’~/ Reduction - \\\3\\ \eve) E[(i A ] \\xﬂz
. en X+~ N(m+a, 6‘) ; ; Ollog W) dimensions suSSice P x
’ dx ~ N(am, &€ : ; P AGGAN(O,)
x Tl ; i where n =¥ poinwts i ;
| Fodt et X~ Nlu,, 60, %Mo, 67) ; ; <@ P 2Aux ~ N6, )
e s N 069 L R S ot L (eNTomD
\ i i i ; ! 2
Fo‘d ket KN (O n < : ; One. can maP n P°\r\'\'5 wio \Ro('ha“/ ) ' i \)(Y“ A\, = \F\\X\\I'C\Kﬂ



LecTure 4

Peob osbo\\\"(\' A\ goc\)(\mms

Locality-sensitve Approximate.
\r\ms\r{mg hearesy hé\é\%ors

Random line embe.c'cjina, @ Buckets
e L L L e e R L e e e P L e PR e e e Ly P EREEELE W& = L<3,‘x>+o\_3 w/ 3~N°l, """"""""""""""""""""""""""""""""""

L= _ _ . a- ] . . :
Ean Belo, 7). gnen g, evther; Lemma et . x,\,;f) \ o\C—.fo,:l] s, (ard. i Nearzs\' neugl\‘)o( .Sca(c\'\ T\/pes OS' o\|§\'ahc£_5 i
i ) ORYpuY pe? w/ 4-(?,005 Lo Fhen 3~ Pt ! I ) d !
i %) delae vo <P W Aemzo Ffs\an@g,x))#signkgq))]: 4—'(:—(’25 E E E '\Plﬁ-r: n PO\K\—S PCR . E\AO\.\JQGV\ C).\S\'QV\CQ. E
. Q¢ 4ok ; P o o i
(deSine b 3_ 7 1,28 by s o » . Nx-2\, - szl-(x;’zﬁz i
; h,0)= S\gh(<g;,x7\ wi g\”)( b Pl e e A i
: - ~ 1 P ‘ * Angle 2 :
EW\"Q’“ q“ex\l'\hg y: k=Nleg?)/ 36 J-J;fvx‘v:;onal o i E ° X b ° 3 E
i' & There & xeP w/ E PO, then T collides P ° . i

w/ Probo‘o\\]'\?/ ZNw : i ° R . . o x E
E' exped fo colide w/ oF most one powt xeP i i ’ i
_____ w #xyp7e0 b Query: %\vm qe\R”‘, Sd osest powt W P o q



LecYure 1O

P( O‘Q Qb\\\*\' (andh Yechraqued A\ %_O( \*\\“\5

LP du\o\\\‘\'j Spacses\' CY

S?eum\ case: UmSorh spossest ot
wl wiSorm dewands bluw=d  Nuy

I Y}
Spocsity T 113\

L\‘m‘Yr\c, e.m\oe,o\d'ma,s

ectices on R based on pick G€lo1] uniformly a7 random
< kit denghs y  OWlput the cut of @

$ma‘m\ o
OVA Fmee e,

O a3 4ls 67 3 a4
o o

let y:E9Ryo bea minimum

Mox Flow
M CiY

s

all <~ poths have. length 22 e LP

-an S, e dlu) over W\E\'f\(.s A:NxV >R

esfudeE

o, S.blsHdEn 2\
Ly

Minimum - Capacity

E[c,apo\c:\'\'\/ OS' (.v\'ﬂ o omm E
P Cfcle cal] < 2 CeYe

Poth Pmc\i\wé LP Pﬂ};{«ovu\m} Lp

(3l capacily o5 “Seadhiondl i)

Maxmize ZPX? rimize 2o CeYe (g eeE eeE o d;:ﬂ S
2 peciction ~—~—— 15)-5) 5 >lod
ovec Xi?s’t )’Rzo Over v. E"mzo s e A= R 7 (assu ma}msm max §)=1) |
(all 5~ pathd)
; o‘ \ . - /_\
s T, N sf o £
=1, g‘: p (Lésjﬂ eo\gesa 'A e Z 76 ‘;e £l o (v N //\ B S Q +\/€ b[(, S‘\b"‘\’cs"

wmw anly of 5t )




Lecture |\

P( O‘Q 0\5\\\*\' (andh Yechraqued A\ 30( \*\\“\5

E Approxmation by Hree wmeltys

:Other mefric-bases problems

i (sometimes via corcespondance befween s &> meiics) '
tinrnﬂ"‘wlk network. o‘esian E I“P“-h lAV\A'\(Q.C\—tA (J'—'(,V,E) wl QASQ_ V\g\a\\ﬁ w-,E%\Rh)

T (gl

Ek‘mep‘[ar\ clusteri LY E E H . i
: e Ia(:-diug_ o '—(.L'f . E i Gon\: co::;\\:e, ‘\\;(‘ eet : (-:::\'umma_v Vo noo\‘%) . i e
| group Steiner Free i P So Thal  shorlest paths on 1 afe clese % 1 a“ m\z

' N a Te :
| mefrical fask sysfems E d_‘ wnz d(,(w‘h

E%or o= fuvy (didtane )
(steetch = Srl)
: d(,Lu,ﬂ

(Aigrance  G)

i vehicle rou‘\"\wa_

! hiecarchical placemert

id&f«;b\:\'e.cl k-secvec .
T o -

H’ hese problems are easy Jor “cee wnateies | E(S\'(e‘,\'c)n &)= pologm) Me

Tree. melces

' Theorem T randowized potyvomial tiwe,
\"aht)\om'\ua Wexarchica o\e’m‘md\'\vg tree weltic wf E

§ Elshetcn ) < Olog)  eeE




LecYure V3

P( Ob 0\5\\\*\' (andh Fechmqued)

Additive

Cherndys Ihequa\'\'\\/

A\ 30(\’(\%\5

e'som\p\es
ond Eners

Doub\e.—.sompling.

Additive ChernoSS  bownd

et X, %X €011 be independent
= BT =+, 1/

[IACAY)
2

PRy e} g 3D

_ 2t
PRAT g ] 0

L Esomple g pdlS e ¥ eeR PR D Esomple Mgl pmdlf e ¥ ceR (PRj

E lef @ sample. ko wl ceperition o ":\,s' (2"‘3 o ! E ler Q@ sample K powits w/ cepetition » '/;s ! (‘ . E

: n HE pots T

k= o(\ (igfm):> E-somge. k=0( \n(éé\?\ﬁ) B e s (o ﬂi k= O(\ntggfm):> £-somple kzo(\h(ggvmj B e o (ose s O

: T e AR :
; £ el heovem :

:E E,‘.Sc«m?\e. \’heore,m

\<zo(_\“£aéfk))) = €-samgle,

H
(Wl consiont probability) |

ey g0
L~ o ¢-
k2 O( _i,&) 7 €-nel

ey geoGd
| ke O3 =5 €-sampe
kz OB Esamg

Q'\v\é\a?an&\m‘\’ os \P\ (\)

_ land\
A= S

Qme?enam 5 WP\ ()

RAG={rnat ceRY

RAQ’-{W\Q: reRjji H
.
mox {IRAQU et Sy pT At iRy 5 ] P[RR ey ] € @R o mon §IRAGY ot e




Lecture \3

P( Ob 0\5\\\*\' (andh Fechmqued)

A\ goc\’(\xms (vl ard,

Coc\é\ﬁemxl A T3
PA(.. \QO\W{\V\% moAd

GenecolzaTon eccoc

Oc,c.am's RG\ZD(

Gene ol \zaon by grow'\\'\



Lecture, W
Algocthms oo,
P( Ob Qb\\\-\\' (and Fechriqued é’

(O p"\m GD |
Eh“OP\/ Evcor-Co«e.c:Ymg.
Codes



LecYure \S

Pf‘ O‘Oa A\t
b\\\-\\' (and Fechwiqued A\ o€ . *\\
QO TTMS o

Lovosz Local Lewmma Moser s
< rwme“n%

a\gof\*\f\m



LecYure \6

Peobabiiiy s A\gof\)(\\ms (el ol

Rondom Walks Pa é:z_( on
S‘VOI“ohafxl Diste \buhion

Pe-ﬂ'ov\'F\' obeniug hesrem



Lecture \T

P( O‘Q 0\5\\\-\\' (andh Fechmqued)

}g\\'d mensiona |
\’O\Y\D\OW\ wal ks

Moce Sun w/ Goussions

Ba\mnczd c,o\or [¥s)

coloc pords ved /blue st oll 5% hove same # Sy eadh

-
TN

Shemmmm——n
'¢/ Pl "x T ~~y
-
s [ S
° ) ¢l “\ ¢ SN
..... v - Y
- .'"'l'\"\ @ el 1
Ay oy, S s S DN TR N
'\ ~ 0% G . (%
N 1 1N . ro_l o W
L R T WP bl '~ ?
T RO S I S PR

/ NI Pt T | 5 [YRIPT e

‘ H o o ‘e =l AN

h K ‘X' ;. 4, K X

H [RPtad ,} oo’ o"( \ . / l"

1 r GOF Pia LTt ot S A

i 1 S 9. AN REERY

[ KoY Lod },\ Q %

Y N --e K PY Lot e . \

’ .

X e e W . . 1
) X L - -, 1
N RN S -  ® H

-~ e Veans’ o H
, RATUES ig S L 'I'
’y. N \ “~ ,
= - e
discrepancy 7 sef = | #blue — Hred

%ock\'. NWMZE o ONSCE eQancy

aw\;w-r;ov@

A\ %_O (\*\\m 5 (modals and

D&(epmn ey
“\.\V\'\m\z&\.\m\

Isalanced w\m’\r\%
coloc povds ved /blue st oll sets hove same ¥ o ead

Randlom wall< o.\go('\'\\wm (high-lexel) 5
A= (.J\'\(oté(\m/n\ Soc conslanrlc

“discropany S 5o = |#be ~Feadl e 4
gpal. e max discregoncy
1&53\57‘ g I s‘,»,shs[ﬂ\
"c‘s\\..nu\‘ Lomin mox X&),
« v xeg 1y S
b\ %53‘— whece ’K(S',\d:ézé’x
S
'Xm&'-\ "Feachiona) cAa("\ng_ xef1,11°
% R XN Z V€ where £
Pactial co'ormg lemma,
%0l 117 > xe,471" o
@ | %052 - x| OLIRNogmin)
@ ved NS
© helT & s ace Tight

)




LecYure \B

P( O‘Q 0\5\\\*\' (andh Yechraqued A\ 3_0( \*\\“\5

i+ '\ng Tmes Connedivily

Cover *wmes

Eledcicol netwocks

%’ it
Lewmoan Hlu W ¥HEu) = Ay G:f;;-_ 3?:\’2; ” :%\\ W\) ‘

Theorem  C() £ A

dectacal Slow of Proes' S Yonecso) o sPQ\m'\v\a‘\‘(ee.

Slow " least enecgy

i rondom wolk '\'e(m'\vxo\oa\,'.

i Hiﬂ"mg Tme H(s= expected # deps udtl o ;
i Yondom wolk Svom & teackes Y ;

el = 2 P TRV
me
fwdet A

= Am 2 Le)ne_ra\, oy Wit

' Covexr ¥wme CL8)= QX?QC\' ed ¥ skeps wati\ a0
] fuet (u)-elesivic %\w\)

tondom wolk Scom S Vistls every vexTex

fi Q\V\(I\'D E

AV

(ﬂ\oo\ Q\S GNA
a‘:‘;\'\m"\"\ohg

N 0008& sPoce.

@)%y
electtiea - 2>
ew%‘:;‘ - é(e,%z
dectacal | Slow of
Sow " least enecgy
a5 B RESRY
(B9),= net S\ow ¥V
FE R
dyzi-1
gb herwise.

i v=s
¥ V=t

. i) 2
m:R\;\ j%\',ﬁrt S5 BS=d
S sl encegi Gutapsind

eSfective,  _ SNUN
residonce &7 A T Voluelenergy

Ohes law: 5= V\-‘B.‘?
deciic Fow 5, eleicc patortls

- Sec ediic

L .
L=BR ' eR™Y
(Shgu)=<ar'®

e\l



Lecture \9

P( O‘Q 0\5\\\-\\' (andh Fechraqued

Speckkal Theorem
Sor S\’mmi‘( \C Maps

Spedita\ owolysis oOF
condom walks

A\ 30(\’(\\“\5

(“\QJ 9—\3 G"A
aﬁ;\'\c_c\"\ohg



LecYure 0

P( O‘Q 0\5\\\-\\' (and Fechmqued)

Condudionce

(hee 32\"5 \ne C\m\'\‘\k,

CorducTance—bosed

Yh\x\né_ Time

A\ 30(’\’(\*“5 s ord,

Fied\ecs os\éoc W
S’o{ \ow -C.o“c)uc.‘\'m“c.e.
cuw\s



LecYure 31

Pfc‘wb\\\‘\\] ot e A\éo(\’v\\ms (oot ord,

Expomo\exs Defexmmmshc

Z\S 'Z.Qé P(OAJ\C—X COT\\'\QC‘X\V\“‘I w

d_\ogvh 590\02.

‘\'emor:.



C,Oh\'\e,c:\"\v\"h,
Topat: G=(V,E) undicected,

(O e,o\ges, n veclices)

s, TeV

Q: s e o et Som
N Yo '\'7




Toke
\.\V\QO\(‘ ‘Y\W\Q anOI $/oa|ce

Bre, a\O\CX\Am\ls



Can C.onne,c'ri\/i‘l’7 62 .SO/Vea’ I.n. .. LS

Net
\(Qé N O Vol 3

weow spa ce %F:_f;
030 ()h\ .S?o\c..e,? qOOO i 3

C)L\og n  space’ A8% & g

O(\og n) s‘:so\c.e_ SO% 50%
Aelecrnnmst \c.as\\\,



Can  Comneclivity be solved In O(log n) .sPo\c.e?
rondom wolk ‘\‘e(m\“o\oa\lt
Q\gor'\'\'\\m:
Hi'ﬁ'ing Tme H(sD= QxPec:Ved ¥ deps wah\ o
Yondom wolk Svom & ceackes ¥

(1) repesy OL\o%Q Times.
(@) STt of seN
®) roandory walk Soc Olmv) Steps,
(©) S walk visits ¥, et TRUE
('-\3 ‘(‘QJY\M'“ S’q\Se,

Cover twme Cl)= QXPQC\' ed ¥ SRS WAt o
tondom Wolk Stom S Vietts evexry vexTex

E IS G \s conmeded, Then CL) € mmln-)

Q. how ool wlouwl ¢ O\V\O\om.\zd\’.\u?.



‘ scocegw) | ==
ScoregD® e deg'® | ﬁ%} =

=

SEE
=R

E \et /S‘ = 1xe \?\io %’Xv‘-\-g= ic)'\s’(rl\»i\zm o«f’%‘ﬁ E

Theorem  There exists xe A <,

Kup
= — N
Ay c%e T ¥ ve

LIS G s <Teongly connedied, ¥hen X is unique
i ond stadly posifive.

Theorew, restaled: evecy random wolk has o
s'\'d\'(owa(xl Atrition. IS G s S\'Cona\y

com\e,dep\, Then s AMSTEbalion \s uneme .

Theorem, redisYed: le¥ G beo dic 8\'0;9\\ ond R the
Yandom Walk lmeac map. Then R has on eigenvedor
X € A\»‘ w/ eigexwa\ue, 4 15 Gis S\'fong\y comected

/

Then X is Yhe m\q\l\e e'\éexwec'.\'ar wi ei\ae.n\(a\ue. I



. - ‘ . R hk’l MO \
Theocew: G=(V,E) wndiceded , w.E>R, T ST

. DV —
let R-B™“RY be randowm wolk Wop <%, a@VY7 =L u><yy
Laplavon o5 e= fupk

then R hos Nalionacy dhste, seAV WL aadeaay R

(4, = fod-ndiestor vecor Sor )
deq(v) deg()= 2. wle) < Lex7= (=)

S\‘ = ecdlv) )

LQ?\mc\o\n oﬁ' @

W "
4 W= 2 L= Sw@L,

Prood o\e\R\l be te o(uaru,s x> o baon

Pos;;\’\ve, semv-deSinite A
. . ) i . 1 Symmelee
D= diagld)  Acodywiien | 5505
_ WX\ oo L..\R“m ric,
R"; A D \ Q’ R im!‘“ m\m(':zes <of,l>:;>'ni(c\\9<\\:1 1

= Lx=px Soc m=<xlay |

-\A - A a— Specto) theocem. | ER Symmefric B
Ra= ACG= Al= S
where |, o, AER |

Wy, 7 Vi otronocmal basis :

&
m



Q= My (@D ¥+ L (N BN

w/ MEVZMZZM
(c\so é\gewm\\ues oS R)

Theorew. |t U= \‘Yho.xslﬂz,\\’\n\‘s

R -l < (1" Jomee

SYalonary
Aiste\balion

Sy :‘_*_239}_ deg() Zw(z) Wz 2‘“(‘) |

Nocmalized romo\;:m walk woXeix
Q=D"RD =D *AD"*

D= °\\°~g‘-"“ wl o\=o\e;a(e£s * A = adpeency meX
*R= AD' = condom wolle matcix

*Q s symmelaid

*Q hos some e&gex\w\ue,s os R!

Romk‘ A moreix :
UWRV where uveR !
£, (u@\h\D =<x \0(\/,\/7.

Levomor: LC@ Symmefric, |
‘XGW\ MOXWMZLS <’X.,LX> oer WX\

= Lx=px %o P, L,
Specia) theocem. | ER” Symme‘fna

L= A @y —+2A (vnwd

where ')\”,,, An€R
Vi, ™ Vn oc'\\rvr\o(‘xm\ ‘0&5\5.

i
Theorar:  6=(V,E) wndiceded, w:E>R, !
Then R hos tafionacy diste sely w/ i

aw eed) 1

Lewma \ot A=C'RC. :
* A ond B have same e'\aenva\ue::

* C mogs eigenvedors oF A

=) e,\gexwe.‘\'o(s oy B

---‘-----



Yondom Walk lineac mop. Then R has an eigenvedor
xeN w eigenvalue 4. 15 Gis STrona\y comnedied

Fhen X is Yhe ungue e'\éenvac'.\‘cr wl/ ei&envu\ue. 1

Theocom, redtated: lef G bea dic graph ond R e
ExPow\o\Qr 3(0\9\\5

Theoram: G=(V,E) \AV\J\(Q&A, wE>R,
le‘f R-IIRV')RV ‘ze fanJovn WQ\\( mop

Then R hos afionocy diste seldy w/

¢ = o\ea(v)
aw

Theorew. le¥ §= \-maxiﬂ;,\“n\‘s
RS-l < (-9 B

12,2 ~ 2, = @\genvolues of R

G s on expomder 15 the
speciral qop ¥ s X \eas¥ o consVant

Q:  defecminisiic connectivg Soc
ConSany —&e,;(e.e. _X pw\du's?

Q . d'\o\ mete( OS’ o0 ConsVon\ "CAQ,S( e @X PQ\V\AQ(‘ 7



Q. o meXec o5 a
ConSasy-d eg('e,e. X pc\ndo.(‘?

50\\' \6:\/9,, \Qx 7(-’-15 S‘o( SE\I

R4 - e &) n

Yor k= O(\o% "),

Theorem, redigted: lef G bea dic gm‘:\ and R the
Yondow Wolk lneac wap. Then R hag on eigenvedor
xe N W eigovalue 4. IS Gis Sicongly comedied
then % is Yhe unique e'\éehvac:\‘or wl ei&envo\\ue. 1

Theoram: G=(V,E) \AN{\(Q&A, wE>R,
let R:R“>RY be randown wolk wop
Then R has Safionacy diste. sely w/

o = o\ea(v)
aw

Theorew. le¥ §= \'N“iﬂz,\“ﬂ\‘s
RS-l < (-9 B

12M2 ~2m, =Q\3%VQ\MQ,$ oF R
G ison expomder 15 the
specival 30 T 1o X \east o congvant

\
R x- "‘/am\\ooi “P\k‘x Zall2 & Tone

> RY) 2 5

fo\1cn\70 5 v

=7 thre exists o PO\‘“\ oS Oacan) eo,é;es Som s 1o T



ET\\eocem, redated: lef G bea dic amp\-\ ond R the E

| Yandom walk lineac wap. Then R has an eigenvedor :
EXPQ“ Ae'r gra P‘\S i'x eN W e'\gen\(a\ue. 4 IS Gis S\'(ong\sl wme&ali

ithen %X is Yhe unque e'\aehvac‘.\‘or wl ei&erwox\ue. 1

i Theocern:  G=(V,E) \M\A'\(Q&A, wE>R, i

. . P et RFRSRY be randown wolk wa
C: 'S on e.xpomder S e P

i then R hos Nalionacy diste SeAV w/ i
Sy = o\ea(v) deg(v)zeg;(v\;(e)

spedivel gap T is & \eadl o cong¥ant A s

Theorewn, 16¥ 12 \-mox i, 1wy S |
' 3 < B
IR -l < (- J7=

1

ST \ 1

1 1
e 252 -2, = eigenvolines of R

Q:  defecmwishc conne vty Soc
ConNant -d egree @x pw\dem?

6 dame¥eC o5 o Condradt

-degree ex pcm&u'?
O(\oa n) d

Q'- ‘f\owmam, \ { cM\c)\om b\is oCe ne.er.A Soc 1 SYep
oF o (andowm wa\K w a constant ’c)&e.gfe.c. gl 9\\?



ExPow\o\Qr 3(0\9\\5

G \son exponoer Y N\e

E Sy = °\_23(_“l de3(v3=€§(v;,@
specfral gap T is o leadl o constanl

Q: deYecmwmshic conne vty Soc
Conant -d e,gre.e. X pc\ndu‘s?

* D'\o\me,‘te(' OL\O%VD

* O roandom bits pec Candem Step

ET\\eofem, redisved: l&¥ G bea dic aqu\ oand R the E
| Yandom walk lineac wap. Then R has an wenvedor |
ixe N W e'\gexwa\ue, 4. IS Gis gcon \} wme&&l'

Fhen X is Yhe unque e'\aenvac‘.\‘cr wl/ e'\aenva\v«e. 14 !
i Theocew:. G=(V,E) \AN*\(Q&A, wE>R, i
i le‘f R-IIRVQIRV ‘)e fanolovn wa\\( mop

i then R hos Kelionacy diste ey w/ i

iT\w.ofcm. lev ¥= \-wnox Ly, lw S ;
: {3 ¥ Beox
5t - VB

ST A\ 1
1
oo 1252~ 20, = clgenvalues of R

=7 enumecate all paths o \eng'\\w OQe o\ o)



Lemwmo. O(\og w) space., pPolytime
defermmdic connedivity
owu) “Aeg(e.e. expondess

[Ré\nzo\c), QDOS—X
Theocom: Ollogn) space, poly=Fime
Aetermmdic conmnechv WY W un dhceSed q° osp\'\s



Theocem: O(\ogh\ SPAcR. PO\Y”(\MQ [Ré\ﬁgo\d, A005)

Aefermmdic conmediivity i undicected graphs.
H'\%\\ \ewe) dea:

* Convexrd G o O0)- oxegre,e expan des

/

b‘l Se.q\uex\c,e_ Sy 'gro\ Q\\ ‘\’romsgm( m:i’tiong

(%{c\)\r\ TronsTormations m‘:p\\ed wplictly due Yo SPACR consYs Ca\AYs )

* derandomze The random welk
a\go (mphatly) on twe expome\er

Lexmmor O(\og“\ space, Poly~Yime
Aelermmdic conmechivity
O(D"degre.e exponders



Theocem: O(\ogh\ SPAcR. PQ\\,—*(‘\MQ_ [Ré\n%o\cx, A005)

Aelermmdic comechiv i"(\l W undicecied SCap\\s,

H'\%\\ \ewve\ dean:
* overt G o OO)- o\eéme expandes Gro\?\'\ YeonsSormalions:

'l

'0\/ Seguente S grqp\'s "frqns%c(md\"\ong

(%m?\r\ Tronsormations applied mplictly due Yo space consTrainls )

* derandonmze FThe random walk
a\g o (imphicitly) on the  expandes

Lewmmao: O(\Og“\ space, poly~time

1. Pow ( '\ng,
. Z\g— z.o.g 13 OOWAEY

determmdic Comnedfivity
Dm'o\eg(e.e. exponders



P e M gy

WLOG oassume G s o '(egyx\o«' grc«é'\
o Azgcee, A=0U)

bty 9° 0\@\'\ TS o marion preserve

%

Y e.%\n\ac'\"f\'



Pow Q(\wa_

2 T3 2

3

2 2 2
2

G G G?

G°= agogh wl oo edge Sor every K Sep walk in G
(w/ cepetition)
Fondom walk R Yo eigenvalues 3, MY ) ) IS
W= \-0-3eY O

deg(e.e. neceases rom A Yo N\ ',‘\



Zio- Zo VQA\AC\' Z((a \’D
33 v )
lef G be d-regaer >§'< O‘*

H be o\o're,%u\oxc w/ d veffices

veiices: VXN = 1 () ueN, veVys

e.o\ge,s: Soc (v, \DENXN Y, ¥ k€D )"
_\’\\E. (\(\,k:}*\\ Y\e.\g\\‘(?o( oYy (V\,.\b 'S (Vz,.‘c-\\ wheve.:
\

5
) Loy ()8 () (1) s, (0
1] ) iy \ 19 19 13 -~ 14
k\ kz

where:
a) is a step in H from 4, to its kith neighbor, 5.
b) moves v; to the isth outgoing neighbor of vy, vs.
¢) moves from 75 to i3 where vy is the i3th neighbor of vs.
d) moves i3 to its koth neighbor in H.

.
*
°
.

(<o Z(G,P) s d:‘regm\mﬂ



Zig 209 produd Z(G W)
let G be C)\’(‘E%_\A\o.f
H be o\o“(e_gu\ox(' w/ d verlices
vertices: \IGK\I\_\= 1 (u,v): ue\lb,ve\l“-ls

e.dae,s: Soc (v, \NeNXNe, ¥ kDo)
The (K, kDM m'\g\\\oof 65 (vi)) 15 (¥, \Q) wheve:

Lemma: Z(GIW) hos @6

e (a)is a step in H from iy to its kyth neighbor, 5.

)
 (b) moves v; to the isth outgoing neighbor of vy, vs.

(
°nA vechees e i
2
- a eqree A
2
* special qop 8., 0y

(so Z((’,\ﬂ \$ d-;"\’egv\\o\(‘3



vexthees
de,g( ee,

s\w’.’k 0\\ gq?

vextiees
de,éf ee,

SQQEX( 0\\ aa?

Pow o.r'ma_

2 2 2 2 3 3 2
. G G? G?
G = 3(0\9\\ wl eo\ge. Soc every k Fep wolk n G
(w, \'eeé‘.\'\']wb
Yondom walk %k hos e.'\ge.wlq\ues W\g Nar’ Mk
W)= -0 O
degeee ncreases Stom A Yo A A
Zioy zoq produd Z(GW)
let G be c)'m%u\QC
H \»e o\o’ve.%u\ac w/ d ve.f“ces (H v\ be OUN-degree exponded)
veiices: Vo XNy 1 (u,0): ueN, ve Vs
edges: Soc (u,eVNg, ¥ k€D
The Ok, kD™ vw.'\%\b« o5 (v s (\ﬁ,'u.b whexe:

U v v v v
( '1) (a) ( ,1) (b) ( 42) () ( _2) (d) ( 42)
21 12 12 3 1

a) is a step in H from 4, to its k;th neighbor, .

where:
.
o (b) moves v; to the isth outgoing neighbor of vy, vs.
o (
- (

OV
¢) moves from iy to iz where v; is the i3th neighbor of v,.
d) moves i3 to its koth neighbor in H.

(So Z((’,\'\) \s d:'\’egv\\m‘)



Z(G W)
vexrties e,
de,g(ee, o\:'

sedidl aop  (\-Q-YN W2

Jor Kb.é'\‘g, B2 M,

(\ "(\"T(:\\ (\3 Z
2.
() T = &) T
= A1A ¥
G

P

156

Pow o.r'ma_

2 2
2 2 2 3.3

G G? G3
Okz 3(0\9\ wl eo\ge. Soc every k Fep wolk n G
(Wl vepdition)
Yondom walk %k Yos e.'\ge,qu\ues 1'4;\\2’", o~ A
W= -0
degcee increases Stom A o I A
Zioyzoq produd Z(6W)

let G be c)«'m%\:\\Q(
H be o\o’re.%u\a\‘ Wi O \efNiees (il be O degee expeeded

veiices: Vo xNy= 1 (u,0): ueN, ve Vs

e.daeﬁ: Soc (v, eV, ¥ e\
the  (k,kdh weighoor 65 (v,i) i (42,13) where:

v v v. . v.
( '1) O] ( ,1> ) ( 42) © ( »2) @ ( 42)

21 12 12 3 1
tep in 3

where:
. (a) H from i to its kyth neighb
o (b) me he isth outgoing neighbor of
e (c) me from i3 where v, is the i3th neighbor of
o (d) me koth neighbor in H.

(So Z((’,\'\) \s d;"\’egv\\m‘)

& Z(GW)
vextices N nd
de,éfee, o\\( 0\3

sedid gop | OB Be¥R



Space wsa qe

Soc gcqp\\s \ike * or Z(6) M),
heed Yo answer \n OO poce:

" ith neiaJ»bor o5 vl

Pow o.r'ma,

G G? G?
C)kz 3(0\9\ wl eo\ge. Soc every k fep wa\k n G
(w/ n?ﬁ'\‘\"mvb
rondom wolk B o e,'\ge,qu\ues 1,4/9;_', o~ A
= \-0-86Y
degcee increases Svom A to A A
Zioy zoq produd Z(6W)

let G be C)«’(‘Q%\A\Q(‘
H be o\o've.%u\ac W/ A weffices (il be Om-degee expeeded

vedfices: N XNy= 1 (w,v): weNg, veVRs

e.o\ae.s: Soc (v, eV, ¥ e\
The (kD m'\%\\bc( o5 (vi) s (V-;,'\-D wheve:

v v v V. v
( 41) (@) ( _1) ®) ( 42) © ( _2) @ ( _2)
1 19 19 13 2

a) is a step in H from 4, to its k;th neighbor, .
)
c)

where:

- (

« (b) moves v; to the isth outgoing neighbor of vy, vs.
- (

. (

oves from iy to i3 where v; is the i3th neighbor of vs.
d) moves

m
me
m i3 to its koth neighbor in H.
de

(50 Z((:,\-\) s ‘\’ag\r\\m‘s

G ZGR)
vextices n nd
o\e,éfee, o\K o\g‘
B R = (2 AN 8

Z(GW)
vextiees o
de,éfee, Ao
e aop (-0 TR



Pow e.r‘wa,

G, ixth neighboc of v in (2?

2 2 2

G G? G®

K
G = grogh wl an edge Soc every k Siep welkin G

o quer tth hg&a\,\\u« S vinl Ui

rondom walk ?\k hos é\g&nVA\ues 1,#\:' ey M,,‘\‘
=2 WA V)= \-0-ReNS O

: q\i\e.(‘l \ z‘\'\\ N\'a\\\:or ST nin o degree increases S A % 4 A
) W

OCD + re s\ veve

Yo i \03("\, CQUAISIT ""\\53



(k | ,k,}‘\'\\ ne 3\«50( o> (v, ,\)’.

Zig-zoq produd Z(G W)
let G be d‘ﬂz%u\o«‘
H be o\o're.gu\ow w/ d verfices

verfices: V xNy= 1 (w,vy: ueNp,, veVy s

edges: Soc (v, \DeNXNe , ¥ kel \:
the (kD nexghoor o (i) 15 (4,09)

v a v v c v v
('1) @ <1> o (2) © <2> @ <2>
11 19 19 13 14

o (a)is a step in H from i; to its kith neighbor, i,.

o (b) moves v; to the isth outgoing neighbor of vy, vs.

o (c) moves from iy to i3 where v; is the izth neighbor of v,.
o (d) moves i3 to its koth neighbor in H.

(so Z(G,W) 1s d:-\’e,gm\uﬂ

where:



59@&2.\mw%3e,

Soc gra¢§ﬁ>\“<e, * of Z(6\W),
heed Yo answer \n OO poce:

" ith mdaih»'aé'1/?“
O degth)

Pow o.r'ma,

G G? G?
Csz %(ue\s wl eo\ge. Soc every k Fep wa\k wn G
(w/ (e‘aﬁ.\'\"mvb
rondom wolk B o e,'\ge,qu\ues 1,4/9;_', o~ A
= -0
degcree wcceases Svom O Yo A\ A
Zioy zoq produd Z(6W)

let G be c)«'m%\a\\a(
H be o\o've.%u\ac W/ O \efNiees (1l be O degee exporded

vedfices: N XNy= 1 (w,v): weNg, veVRs

e.dae.s: Soc (v, DENXNe, ¥k eDd\:
The (kD m'\%\\bc( o5 (v s (V-;,\-.D wheve:

(=)= =)= )
21 12 12 3 2
where:
o (a)is a step in H from 7, to its kith neighbor, i,.
o (b) moves v; to the isth outgoing neighbor of vy, vs.
o (c) moves from iy to i3 where v; is the i3th neighbor of v,.
.

(

d) moves

m

me

m i3 to its koth neighbor in H.
(so Z(G,N) s O\;'-(egv\\ur\

G zZ6R)
vextices n nd
o\e,3<ee, o\K 0\3
B R = (2 AN 8

Z(G W)
vextiees o
deg(ee, Ao
s aop (-0 TV YR



i . Zig-zoq pvw\v\d VA(CR)!
Am\\, S o% z_\é’ ZQQ ?fQA\AE‘ let G ‘e d’(E%u\N‘ -

will be O(N-degree exponded)
H be o\o‘ve_gu\ac w/ A wverfices

vcest VX Niy= 1 (u,v): weNp,, ve Vs
\e.'\ R\-\sz\o\om walk Sor W et Nt E Gt el veth

edges: Soc (v, \DeVNg, ¥ ¥k eD\:
The (K, nagioor oF (ni) i (4,1

writle candem walk Sor Z((:,\'!\ 0y (i) () = () = () = ()

here
. a step in H from i; to its kyth neighbor, 5.

(a) is
o (b) moves v; to the isth outgoing neighbor of vy, vs.
1® z 1®R o (c) moves from iy to i3 where v is the i3th neighbor of vs.
H “ o (d) moves i3 to its koth neighbor in H.
(So Z((,,\-\) \s d;"\'e,gu\m‘w

whece:
'(I6Ry) Takes (andom sep W W,

\eoves G-coocdinale Fixed

* Z WSeS H’Coo(&f\n&\e, Yo '\'ca\<e. STQ.Q wm G



Zioy- Z0q pt‘oo\vﬂ VA(CR)!

S\mp\ef Z\g’ 20\3 ?\'QA\AE‘ let G be d-cegilar }

will be O(N-degree exponded)
H be o\o‘ve.gu\ac w/ A wverfices

\ces’ = § (u,): ueNp, veVWS
\ - d@j—) d ver\ices VGX\J\'\ ) ) M
e:‘ S / eo\ge.s: Soc (v, \DENXNE , ¥k eTdo):
- “V\‘\SD(‘“\\I Squ. 1 wﬁ« .\“ “ the (\‘\,kz\'\\\ he'\a\\‘oor o5 (v\,'\b S (V,_J'u.b
(o) = () = () = () = ()
is a step in H from 4, to its kyth neighbor, iy.
moves v; to the iath outgoing neighbor of v, v,

0
moves from iy to i3 where v; is the igth neighbor of vs.
d) moves i3 to its kath neighbor in H.

cons\orC "
(192 (I®%) |

whece.
* (15953 (‘ow\o)om\\, sqme\es vertex \n N

a)
b)
c)

(So Z((,,\-\) \s d;"\'e,gu\a\(q

*Z wses H-coordnale To Yake step v O

So (1®6\Z(I®$) Tokkes Candowm Sep v G and W

= j\ has Some spec\fal FAp &S Kc, Caf‘a&‘\)



Aho\\ys'\s o) Z\g’Zag ?roduﬁ S\w\p\ef z\g’ng ?reduﬂ

\eX R\_\=fw\o\om walk Sor W ley S= @-&D/A
weite candem walk Sor Z(G,H) as = wnSofmly samele 3 wifex in 1
cons\oe
(TeRy) Z(ToRy) (105)2(1®9)
whece: whece:

. (I@R\D Tales Condom §e,9 w N (1S ) sqme\es verTex \n N

*Z wses H-coordndle Yo Yake step v O

TIdea: IS h QXPOMO'ZO‘; then rondom walk on W
ée,kaves Simﬂarly 1o fam::‘om Sownple,

=7 (TeRy) Z(TeR)) < (169)2(189%)



Tex\sor Pr oonds o 8(‘0\?\\5
G\®G,= (Vx| B XE,)
E\)‘Ezz é((u\ ,U D ) LV\,VD).- (“\,VDQE\ ) (\\1_,V7) €E7_75



TQ\\SO( ?(oc)& wals
Sor AT ReR,
A@B S o \\‘f\e,O\( wnap on W\m“ deS'meA 57

(A®R)C= ACB  Sor CeR™"
spetial tase:
(PR ked) = (ANSRA)  ceR, de®’
Fod: A®R hos eigenvalues AaAg where

lﬁ 1S on e.iae_m/a\mg o7 A,
e B




Tensor produdt I®R
Nxd :
1®R\.\ s o lnear wop on ® ) IS e 5‘/

((ZORNN), = Ry¥y ReR™

whece  Xy= v row o5 XK,

Fact: I®(AYR) = I®A + I®Q



'Z'\g- zoq ?“QA\AC:‘ Z((:,HB
R \Q:\- (’ he’ d— (E%\A\Q(‘ (H W\ be OWN-degree exporded
- v Q\l _\_ (v ®v * ~—X (\’ Q\l H be o\o"(e.gu\o&‘ w/ d veflices
H \ \ ﬂ’- >~ ’) NV\ w VD veilices: \IGX\J\_\=i(M,v\: ueNj,, veVys

e.dge,sz Soc (v"'\be\l(,x\la , \s‘,kzefo\o‘\',

RH1 - 1--) V\ - 1 / Jx , the (k\,k,z;\\; v:e.'\?\:o)orb o‘(:v 3\(\,':)(15) (v:J'.i?)
\[\ Q\I\ = (1@1—3 A - s Whelre:a is a step in H from i, to its k;th neighbor, .

(a)
o (b) moves v; to the isth outgoing neighbor of vy, vs.
o (c) moves from iy to i3 where v is the i3th neighbor of vs.
o (d) moves i3 to its koth neighbor in H.

(so Z(G,W) is dg-regnlac)
R\_\ =S4 M, (v 00) ¥ ~+ m, v BV,

leY Ry=¥andorn walk Sor ¥
wWeite candem walk Sor Z.((:,\'“

V. o (ToRW) Z(TORY) whece:
\eX R\_\ - P\\-\" K“S ’

*(ToRy) Takes (andom sep n W,
\eawves G-coocdinaie Fixed

'
RH has e,ige.v\\l Aunes \n [‘6\_\-\’ \4“6“‘\ * Z does deferministic “ziq-zay dep
Tensor produdt I®R,,
IR, is lmear wop on W\\‘“\
(ToRNON) = Ry)Xy
whee Xy= v vow o5 K,
I®(AYR) = I®A ¥ I®Q



RH R\"\ K\\S hos e\ée.v\\lm\ues v\ [U\_\\ \-T, ’\ Zigrzag produd Z(GM)

let G be o- m%u\o.(‘
H be o, ve.gu\o;(‘ w/ d w.ﬁ\d-s

veiices: V XNy = 1 (u,0): ueNp,, ve Vs

(1®R“\Z(I®R\D eo\ge.ﬁ: Soc (v, \NeNXNe, ¥k eTd\:

' J the  (k,kdth weigioor o5 (vi) is (v, ')
= (T@(Rw¥ T, sHz(ze (R\-V‘K\-\S\) W06

(a) is tp n H from iy to its kyth neighbor, is.
= T (389 2(x@5) R
T K’H £:®chi®d\-\) leY Ry=vondom walk Sor W \
write candom walk Sor Z(GM
b5y (302 (T2 R i
*(ToRy) Takes (andom sep n W,

+ (1®R\'§32 Cﬁ&aﬁ) \eoves G-coocdinale Fixed

* Z does A¥ermmsiic "7-\3‘ 7-0«;; Sep
Tensor produdd I®Ry
TR, is lveae wap on R
((1®RH37QV = RuXy
whece XV‘-’- Y Yow 5 K|
—2 IB(ATR) = I®A + IB®R

(H W\ be OLD-degree exponderd



RH R\"\ K\\S hos e\ée.n\lm\ue,s v\ [U\_\\ \-T, ’\ Zigrza9 produd Z(GM)

let G be o- m%u\o.(‘
H be o, ve.gu\o;(‘ w/ d w.ﬁ\d-s

veiices: V XNy = 1 (u,0): ueNp, ve Vs

(1®R“\Z(I®R\D eo\ge.ﬁ: Soc (v, \eNXNe, ¥k eTdo\:

The  (k, kD3 veigioor o5 (i) i (4,09)

- 51(1@ )z (1®5) () = () () = (2) = (2)

where:

(H W\ be OLD-degree exponded

tp Hfm ttkth ghbor,ig

(4 + (a)is .
+ Ty (E®N Z(TDR)  Bmmp et ety

o (d) m t tkth ghb H.
(so Z(GN) is d3-vegulac)

4
“— WH (I® R“\ Z(I®S) leY Ryy=Yondom walk Sor W
’ weite candem walk Sor Z.((:,\'“
"\' (I-®R(-DZ(S-®R\D 0s (TeRY) Z(ToRY) whece
*(ToRy) Takes (andom slep W W,
\eoves G-coocdingle Fixed
* Z does A¥ermmsiic "‘L\g’ 7-0«;; Slep

Tensoc pfoo\v\cﬁ I®R\.\
TR, is lvee wap on B
((1®RH37QV = RuXy
whece XV‘-’- VY Yow 5 K|
I®ATR) = I®A + I®YQ



OpefoYor norm:
NAN= mox { WAxN: Nxh=43

he\pSul mequalifies.

I AYRY £ LA 1R\

NABN < NAWWR)
\ A@R) £WAW WBl\ LT N

lps 1S on e,iéenVo\\ue. 7 A,

Sor Sjmme"k'\c, AR




R;_\: R\-\" K“S hos e&ge.v\\lo\\ues T {U“'\,

(1@@\3)'2(1@‘{\9
= Yn (1992 (1®5)

\'W\.\’\ 'Z'\g- z0q ?“oo\vﬂ Z((:,H\

let G be d'm%u\o.(‘
H be o\o've.gu\a(‘ w/ A wverfices

veiices: V XNy = 1 (u,0): ueNp, ve Vs

edges: Soc (v, eV, ¥ kD)
The (K, nagioor oF (ni) i (4,1

(H v\ e ON-degree @xpondec)

+ T, @@ ZEORY) <TO-Ty)  0=0==0=0

F ¥y, (TORW Z(T@S) T, (-
r (T@RPZEORY £_ (T

| @@ ZEoR)I -

< |\ T@s) W\ WI& Ry
$\ ¢\ NI WRnl

< \- Wﬁ.

o (a)is astep in H from 7; to its kith neighbor, 5.

o (b) moves v; to the isth outgoing neighbor of vy, vs.

o (c) moves from iy to i3 where v is the i3th neighbor of vs.
o (d) moves i3 to its kath neighbor in H.

(so Z(GW) i d:'-re@;\\aﬂ

leY Ry=¥andorn walk Sor ¥
write candem walk Sor Z(G M)
0s (T6RY) Z(TRY) where
*(ToRy) Yakes (andom sep n W,
\eoves G-coocdnale Fixed
* Z does ANermimsiic "‘L\;‘ zag Fep
Tensoc produd I®Ry,
IR, is lnear wap on W\VM\
(@eRDN), = RyXy
whece Xy= v vow o5 K.
IGATR) = I®A + I®R
ITAYRY < AW+ 1R
NABN £ HAN WRY
h ABR) £ WA We\)



l/ _ _ ‘ . Zio- - Z((? )
RH - R\_\ K“S has e\gv\\""\“% B {W\-\ \’ ’\ \e% Zu%et:m%:\«f (v o e

(1®R¥)ZLI®R\D H be d, “reguas wl 3 veffices

veiices: V XNy = 1 (u,0): weNp,, ve Uy

- K_\’(j—® 6)2 (1@6) edges: Soc (v, iDENVe, ¥ ke T:

The (K, nagioor oF (ni) i (4,1

+ T, (@B Z(TORY) T i Al
F ¥y TORNZ(E@S) 7€\ T R

f om 1% t 3 wher th i3th neighbor of vs.
o (d) moves i3 to t kth ghb n H.

’ ’ (so Z(GMW) 1s do-regm\m
+ (1@RDZ(IBRY) le¥ R= Condhown vl Sor ¥
weite candem walk Sor Z.((:,\'“

(169632 Li@ 53 = R}@ 5 os (T6RY) Z(TORY) whece:

*(ToRy) Takes (andom sep n W,

‘Foad: ABR hos e.'\%exwokue.s Aarg w\\m,i \eoves G-coocdinale Sixed
l A s o eigerniue S A * Z does defecmnishc “zig- zay Jep
715 — B® :

: ; Tensor produd I®R,
""""""""""""""""""""""""""""""" IBR, is lvear wop on R
(TaRNN), = Ry¥y
whece Xy= v vow o5 X,
IGATR) = I®A + I®Y
TAYRN £ WAL+ IR
NABN £ WA WR)
|\ A@R\ £ WAW Vel



AN o Tcae,‘\\\e.r ;

Soc ‘X&R\‘&A o(“noa_om\ Yo f\l_\lxj‘ Wx\\=1,

&y, (T&RWZEBR,) »7 .
= Yo 4, (199)2 (3®S) x> = By s (T ) Wl
+ Ty Ly, [ @IBNZ (TR )XY 2
T W\_\ LK, (I® R\,\\Z('I.@S) X)B .:6“) \\X\F
+ Ly, (zeR)DZE®RY K




