













































































Deterministic connectivity

in logarithmic space
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Probability Algorithms
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Probability Algorithms Cresults

Multiplicative Random graphs
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ability Algorithms

Continuous
Distinct ElementsRandom Variables
i is is in is

inVariance Chebyshev's some
coalestimate ofdistinctelementsinthestream

xp

T

X min X heel
h Ems to.IT

d d

EX KIT K Ctd 4Variance Reduction letY.m.Yeto.ITindependentanduniformlyrandom
return 1

Median trick letYiYearw 10 errorprob in OC spaceinggggoalshow X EX EEygoodprog whatabouthighprobability thenEx e
makegEspiesY m Y of

andEat p

E 117 EX xp
Pyxayyy

my
oxesVariance foreachelement

returnmedianof Y YE varix É inequality ÉÉI

si

takemeanto reducevariance

Q how to reduce Vara

Chebyshev'sinequality getconstantproboferror letz correctYi's Etz q kiteindercopiesTara IM I
8 I Yi's red

textureTakemedian toamplifysuccessPHXENI LIEVay prob exponentially
I notesforqollogn
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Probability Algorithms
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Lecture 13

Probability andtechniques Algorithms 9 4 Is

Consistency model

PAC learning model

Generalization error

Occam's Razor

Generalization by growth
















































































Lecture 14

Probability candtechniques Algorithms
modelsand
applications
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Error Correcting
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Lecture 15

Probability candtechniques Algorithms
modelsand
applications

Lora's z Local Lemma Moser's resampling
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Lecture 16

Probability candtechniques Algorithms
modelsand
applications

Random Walks Pagerank

Stationary Distribution

Perron Frobenius Theorem
















































































Lecture

Algorithms
dProbability applications
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random walks
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Lecture 18

Probability candtechniques Algorithms
modelsand
applications
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Lecture 19

Probability candtechniques Algorithms
modelsand
applications

Spectral theorem
for symmetric maps

Spectral analysis of
random walks
















































































Lecture 20

Probability candtechniques Algorithms
modelsand
applications

Conductance Fiedler's algorithm
for low conductance

Cheeger's inequality cuts
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mixing time
















































































Lecture 21

Probability candtechniques Algorithms
modelsand
applications

Expanders Deterministic

Connectivity inZig zag product
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an connectivity besolved in OClogn space
randomwalk terminology

algorithm
Hittingtime HlsT expected steps until a

1 repeatOllogn times random walk from s reaches t
a start at SEV
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Recall

scoreas SYFY

let D xeRY Ex 1 distributions overV3

Theorem there exists XEIV sit

Xv It Trev

If G isstronglyconnected then X is unique
andstrictly positive

Theorem restated every random walk has a

stationary distribution If G is strongly
connected then this distribution is unique

Theorem restated let 6 be a dir graph and R the
random walk linear map Then B has an eigenvector
X EAV W eigenvalue 1 If G is strongly connected

then x is the unique eigenvector w eigenvalue 1
















































































Recall
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Recall
Bank I matrix

I FÉ tMz v2 a t tun you u v where aver
x Cady Ex u Yy
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then Rhasstationarydistr SEDv w
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distribution Lemma let A C BC

A and B have same eigenvalues
Cmapseigenvectors of A

toeigenvetorsof B
Normalized randomwalkmatrix

D RD p A j's
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Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenBhas an eigenvectExpander graphs x ear w eigenvalue 1 If G is stronglyconner
then x is theuniqueeigenvector w eigenvalue 1

Theorem GCVE undirected w E IR
let R RUINberandomwalkmap
thenRhasstationary distr SEDv w

degas onceso LET WEE

Theorem let 8 1 max uzlun
1113 xSHECI 2 VIIIÉ

12m22 2mn eigenvaluesof

G is an expander is the

spectral gap 8 is
at least a constant

Q deterministic connectivity for

constant degree ex panders

Q diameter of a constant degree expander



Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenRhasan eigenvectQ diameter of a XEAV w eigenvalue 1 If G is stronglyconnect
then x is theuniqueeigenvector w eigenvalue 1

constant degree expander Theorem Gove undirected wer
let R RUINberandomwalkmap
thenRhasstationary distr SEDv w

degategawce

say 8
1
2 let X Is for SEV s

w

Theorem let 8 1 max uzlun

IIR xSHECI 2 VIII
ÉEÉIIR x Gm E II n 12Mz 2mn eigenvaluesof

G is an expander is the
stationary spectralgap8 is atleast a constdistribution

for K OClog n

IIR x 42m lose IIR x Gm 12 potent

R x Em potion o f r

there exists a path of Ollogn edges from s to t



Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenBhas an eigenvectExpander graphs x ear w eigenvalue 1 If G is stronglyconner
then x is theuniqueeigenvector w eigenvalue 1

Theorem GCVE undirected w E IR
let R B IRVberandomwalkmapG is an expander if the thenBhasstationary distr sear w

su Jeff degas once

WEEwee

spectral gap 8 is at least a constant
Theorem let 8 1 max uzlun
1113 CIA'VE

12Mz 2mn eigenvaluesof

Q deterministic connectivity for

constant degree expanders

diameter of a constant degree expander
Ollogn

Q how many random bits are needed for I step
of a random walk in a constant degree graph



Theorem restated let 6 bea dirgraphand Rt
randomwalklinearmapThenBhas an eigenvect
XEAV W eigenvalue 1 If G is stronglyconnect
then x is theuniqueeigenvector w eigenvalue 1

Theorem GCVE undirected w E IR
let R RUINberandomwalkmapG is an expander if the thenRhasstationarydistr sear w

degas aweso Left WEE

Expander graphs

spectral gap 8 is at least a constant
Theorem let 8 1 max uzlun
1113 CIOVE

Q deterministic connectivity for

constant degree expanders

Diameter Ollog n

Oct random bits per random step

enumerate all paths of length Ollogn



Lemma Ollogn space poly time

deterministic connectivity in

Oct degree expanders

Reingold 2005

Theorem Ollogn space poly time

deterministic connectivity in undirected graphs



Theorem OClog n space poly time Reingold 2005

deterministic connectivity in undirected graphs

tigh level idea

convert 6 into 04 degree expander

by sequence of graph transformations

graph transformations applied implicitly due to space constraints

de randomize the random walk

algo implicitly on the expander

LemmaOllogn space poly tim
deterministicconnectivity in
Oct degreeexpanders



Reingold 2005Theorem Ollogn space poly time

deterministic connectivity in undirected graphs

ligh level idea

Graph transformationsconvert 6 into 04 degree expander

by sequence of graph transformations 1 Powering
graph transformationsapplied implicitlydue to space constraints

2 Zig Zagproduct
derandomize the random walk

algo implicitly on the expander

Ollogn space polytime
Ieteiministicconnectivity in
Oct degreeexpanders



Preliminary

WLOG assume G is a regular graph
of degree d Oct

both graph transformation preserve

regularity
HE



Towering

Gk graph w an edge for every k step walk in G

w repetition

random walk R has eigenvalues 1 Mt m unk

81614 1 1 8161

degree increases from d to d



Zig zag product Z G H FF EIlet 6 be d regular
It be do regular w d vertices it will be our degreeexpand

vertices VoxVy Cy v nevo ve Va

edges for v iDeVoxVit K kzEEdo

the Ck kz th neighbor of Cv i is rain where

y

so 2 G H is di regular



Zig zag product Z GH
let 6 be d regular
It be doregular w d vertices itwillbeourdegreeexpand

vertices VoxVy Cyv nevo veUH

edges for v iDeVoxVe K kzEEdo
the Ck kz th neighbor of Cv i is rain where

Lemma Z GIH has
nd vertices

so 2 GH is di regular

degree de
spectral gap 868,7 n



Powering

g

216,4
Gk graphw edgeforeverykstepwalkin

N Md w repetition

randomwalkR haseigenvalues 1ME n n

81614 I 18161

vertices

dy
zigzagproduct210
degreeincreases from d to d

let 6 bedregular

spectral gap 1 t 8 214 It bedoregularw dverticesatwinbeousdegreeexp
verticesVoxVy yr uevovery
edges for viDeVoxVe Kkzetdo

degree

mean neighboroscritis where

so216A isderegular

vertices

263A
nd

degree

spectral gap

do

1 1 86578,2 286 88 2,7



Powering

2663H
Gk graphw edgeforeverykstepwalkin

Md w repetition

randomwalkR haseigenvalues 1ME n n

81614 I 18161

vertices

dy
zigzagproduct210
degreeincreases from d to d

let 6 bedregular

spectral gap l l MF It bedoregularw dverticesatwinbeousdegreeexp
verticesVoxVy yr uevovery
edges for viDeVoxVe kikzetdo

theCkkzthneighbor ofCvi is rainwhere

q

for 861161 OH
3
4

so216A isdiregular

1 1 865 IF I
vertices

y

n nd

280 85 85 31 4786 degree d's doz

spectralgap 1 11867

2
86



Powering

Space usage
Gk graphw edgeforeverykstepwalkinfor graphs like Gk or 2 6117

w repetition

randomwalkR haseigenvalues 1ME n u

need to answer in Oct space 81614 I 480k
to ddegreeincreases from

Zigzagproduct ZGH

ith neighbor of v no red regular
It bedoregularw dverticesatwillbeourdegreeexp

verticesVoxVy Cyv nevoveVa
edges for v iDeVoxve kikzeEdo

theCkkzthneighborofCvi is rainwhere

so216H isdiregular

GK ZGH
vertices n nd

degree d's do
spectralgap 111867 868,5

vertices

263A
nd

degree doz

spectralgap 1 186778,5



Powering

Gk graph w an edge forevery kstepwalkin

g

a query ith neighbor of in G wi repetition

randomwalkR has eigenvalues 1Mt m unk
U 81614 1 18161

query iz th neighbor of u in 6

W

OCD recursive ve

Max logon recursive calls



Zig zag product Z GHki kith neighbor of vi in
let 6 be d regular
It be doregular wit digitizes

vertices VoxVy Cy v nevo veVa

edges for v iDeVoxVe ki kzeEdo

the Ck kz th neighbor of Cv i is rain

so 2 GH is di regular



Powering

Space usage
Gk graphw edgeforeverykstepwalkinfor graphs like Gk or 2 6117

w repetition

randomwalkR haseigenvalues 1ME n u

need to answer in Oct space 81614 I 4 801
to ddegreeincreases from

Zigzagproduct ZGH
let 6 bedregular
It bedoregularw dverticesatwillbeourdegreeexp

verticesVoxVy Cyv nevoveVa
edges for v iDeVoxve kikzeEdo

o za

theCkkzthneighborofCvi is rainwhere

O depth
so216H isdiregular

vertices n nd

degree d's do
spectralgap 1 4864 868,5

vertices

26 H
nd

degree doz

spectralgap 1 186778,5



Zigzag product Z GH
let 6 be d regular
It be doregularwit Eiji

vertices VoxVy Cyv uevovery

Analysis of zig zag product
let R random walk for H

edges for v iDeVoxVe kikzeEdo

write random walk for 2 G H as

IQRA Z IQRA
so 2 GH is di regular

where

IQRA Takes random step in H

leaves G coordinate fixed

Z uses It coordinate to take step in G



Zigzag product Z GH

Simpler zig zag product let a bed regular
It be doregularwit Eiji

vertices VoxVy Cyv nevo veValet 5 10 1 0
edges for v iDeVoxVe kikzeEdo

I Uniformly sample I vertex in f the Ck.kzth neighbor ofCryin isCrni

consider

IOS 2 IOS
so 2 GH is diregular

where

IOS randomly samples vertex in H

Z uses It coordinate to take step in G

So IOS 2 IOS Takes random step in G and H

T has same spectral gap as 8g great



Analysis of zigzag product Simpler zigzag product

et Rif random walk for H let S 10 1 d

uniformlysample I vertex inH
write random walk for 2 G H as

consider
IQRA Z IQRA IOS Z IOS

where
I Rit Takes random step in

where
IOS samples vertex in H

Z uses It coordinate to take step in G

Idea if H expander then random walk on H

behaves similarly to random sample

IQRA Z IQRA I CIOSICIOS
good spectralgap



Tensor products of graphs

6,062 V XV2 E XE

E XEz 4,42 CV V2 and EE Cuz a CEz



Tensor products
for AERM'M BeBnn

A B is a linear map on Rm defined by

AO B C ACB for CER man

special case

A B cod Ac Bd CEB de B

Fact A B has eigenvalues AAIB where

XA is an eigenvalue of A

TB mm B



Tensor product IQRA

IQRA is a linear map on IR
d
defined by

I RAN RyXv XERV'd

where Xv nth row of X

Fact I ATB IOA t IOB



Zigzag product Z GH
let 6 be d regular
It be doregularwit d EiicesRHI V V tmz vara t unknown vertices VoxVy Cyv nevo veVa

edges for v iDeVoxVe kikzeEdo

RAI I I V I 1W the CK.kzth neighbor ofCryin is vain

YOU IOI H S

so 2 GH is diregular

By St Malva a t unknown let R randomwalk for H
write random walk for 2 GH
as IQRA Z IQRA where

let Rif By JHS IORI takes randomstep in 1
leaves G coordinate fixe

RI has eigenvalues in J 1 1 y 2 does deterministic zigzag ste
Tensor product I Rit
IQRA is linear map on IRV'd

IQRA Mr RaXv
where Xv nth row of X

I ATB IOA t IOB



314 RH THS has eigenvalues in 8 1 1 2,7 Zigzag product 216Hlet 6 be d regular
It be doregularwit d Eiices

vertices VoxVy Cyv UeVo veVy

I Ry Z I Ry edges for u iDevoxve KikeEdo
the CKk th neighbor ofCv i is vain

I CRIT 5 Z IO RIAS

JI IOS Z IOS
so 2 GH is diregular

OH IOS IORI let R randomwalk for H
write randomwalk for 2 GH

A CLORIS IOS
as IQRA Z IQRA where
IQRA Takes randomstep in 1

IORI 2 I Rt leaves G coordinate fixe
2 does deterministic zigzag ste
Tensor product I RH
I RH is linear map on IRV'd

IQRA Mr RaXv
where Xv nth row of X

I ATB IOA t IOB



314 RH THS has eigenvalues in 8 1 1 2,7 Zigzag product 216Hlet 6 be d regular
It be doregularwit d Eiices

vertices VoxV Cyv UeVo veUH

I Ry Z I Ry edges for u iDevoxve KikeEdo
the CKk th neighbor ofCv i is vain

8410572 IOS

TH IOS Z IORI
so 2 GH is diregular

TH IORI Z IOS let R randomwalk for H
write randomwalk for 2 GH

IORI 2 IORI as TORA Z IORI where
IQRA Takes randomstep in 1

leaves G coordinate fixe
2 does deterministic zigzag ste
Tensor product I Rit
I RH is linear map on IRV'd

IQRA Nv RaXv
where Xv nth row of X

I ATB IOA t IOB



Operator norm

I All Max IAN 11 11 13

helpful inequalities

I At BI I N All ABI

NABI E HAV 111311

Fact A B haseigenvalues AAIB where1 A BAENA B

a B
AA is an eigenvalueof A

for symmetric A B



314 BH JHS has eigenvalues in 8 1,12,7 Zigzag product 216Hlet 6 be d regular
It be doregularwi d Eiji

I Ry Z I Ry vertices VoxVa can nevoveux

edges for v iDeVoxVe kikzeEdo

8410572 IOS
If the CKkzth neighbor ofCv i is vain

TH IOS Z IORI ETC TH
TH IORI Z IOS EACH

so 2 GH is diregular

IORI Z I RH I let Rie randomwalk for't
write randomwalk for 2 GH
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