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P( O‘Q 0\5\\\-\\' (andh Fechraqued

Speckkal Theorem
Sor S\’mmi‘( \C Maps

Spedita\ owolysis oOF
condom walks

A\ 30(\’(\\“\5

(“\QJ 9—\3 G"A
aﬁ;\'\c_c\"\ohg



Let R have e.\ge,nva\ues

MV Z P2 2 M, 2

Theorew. et Bz \-mox L, w3
R -l < (1" o

SYalonary
adistrbwion

Ronnk‘ A morex
UWRYV where nyveER”
<X, (t»\®\l3\/7=<’x,u§<\l,\/7

Lewmo. LR Symmelric,
%R moximizes <X LXY oee NxWz1
= Lx=px Soc m=<x LA
nn .
Speckol Yheocem. €W Symmefric
L= A, (vev)¥ AN BVy)
where A, o+, A€M
Wy, ™ Vn otronormal  basis
Theocam:  G=(V,E) wndiceded , w:E>R,
Then R has stationocy diste. sely w/
- d (V) =S w e =W
Lewma \ot A=C'BC.
* A ond B hove some é\aehva\ues

* C mogs egenvedors or A
o evgewetors of B

Nocwolized ro«ho\;am walk woXeix
Q=0"RD*:D AT

* D2diog) W/ d=degrees * A = adjpeensy meiix
*R= AD' = candom wolle malcix

*Q s sxlmmék'\c,\.

*Q Yos some e&gequ\ue.s os R



Lecture \9

P( Ob 0\5\\\-\\' (andh Yechmaqued

Speckal Theorem
Yor SYMEC taps

Spedita\ omolysis oF
condom walks

A\ goc'\’(\mms

(ﬂ\oa 9—\5 QVA
aW\;w-f\ov\Q



Laplocion
LeR™

(Symi‘("\c, Positive semrdieSinte)

—



Romk’ A moreix

WX vV where WvER"

(oko. U\JT)
deSwed by {ox, (@Y7 = <xu><NyY

-
U\\l\ u\\ll u\\l“

WV, W5 Wy,

Wav = %%q\\

U V\ unvl v\\l

\

0S O AT X,

\>



Loplocion o5 on edop e=fuly gl e

£, (u@\h\/) =% WV, YY

L= (410801 eR™

< X LQX> - (’K“—X\S- x



Romk‘ A moreix .
LQ?\mc\mh oY @ LRV  where uveR

<X, (b@\h\/) =%, wEN, Yy
E Lap\md\uh oY e=iuvk
G=(VE) edge weights weRZ,

Le= (110001 eR™

(1“‘-{0,173"\no\'\c&\o(‘ vedor Sor u)

<K, Lox ¥ = (X=X )

L= 2 W) Lo

ect

{x Lx> = Zwe (x,-xF
e.eiE15
e={uwyv



Ronnk‘ A wovex

L._._ ZW(B\ \- WAV  wher nyveR”

e 4%, (w@WVYY =X, wW<N, Y
ect

Lap\md\uh oY e=iuvk
Le= (11001 R
: _ (A4, = oS \ndicdlor vedor Sor )
<X, Lx > eéEW(e\ (7(“ 'X\ﬁ. <K, Lex7= ('x“—xﬂ'

e=u vy

AcE “Amm s Po sshive Semv-deSinite. &
* A s SYywmmelric
* <%, Ax2Z0 Nx

( A s positive AeSinte 1S s positive semvAedwnite %)
¢ AW wvedible



Lewymo every \weac mop A E
hos o e.iée,mlo«\ue, AeC ond E
eﬁ\%ev\\/e,i\' « xeC” E

Ronnk’ A wmorex
URV  where nnvER
<%, (a@WY Y =<x, WH<N, Y

Lap\ad\mh oY e=iuvk
Le = (A, 1®01) € R

(:\“'-{0,1'5"\"\0\'\:,6&0(‘ vedor Yor b\)

<K, Lox ¥ = (X=X )

<x,Lx>= Ziwe) (xy-x
e=§.u,v3

Pos\‘\"\ve semv-oeSinite A
* A s symmdicic
* <x,AX2Z0 N x



iLemmq every \wear wap A :
E hoas an eigewa\ue 2A€C and i
ie’gemfec'\'o(' xe” '

L4 oY .
Lewmnon: LC—:(\J\“ Symmelric,

%R Moxymzes <XALX7 ower \xW\z1

= Lx=pmx  Soc =<, La>

note : /1A=<'X,D(7 eR

Ronnk’ A morex
WAV  where nnvER
<%, (a@WY Y =<x, WI<N, Y

Lap\md\mh oY e=iuvk
Le = (4,-1®0L) € R

(1“'—{0,13'.\1\&'\06‘0(‘ vedtor Sor w)

<K, Lok = (=%

<x,Lx>= Ziwe) (x-x 3
e= iu,vk

Pos\‘\"\ve semv-deSinite A
* A s sywmmdTcic
* <%, AX2Z0 N x

" >
Q\%u\ Volue

Ar=

exqenwecTor
Y



Levmo:
~E W\n NOX\MNZE.S <’X., LX7 over \x\z1

LeRT Symmelric,

=> Lx=px Sor m=<x,La¥

Prooi

down, Foc V\eRr:
15 <u,x7=0, then <wlx7=0.

15 Jaim

18 True:
Lxe span(x)

Lx= X So¢ some m ER"

M= MLKx7 = <X, Lxp

Ronnk‘ A morex
WRV  where ny eR”
<X, (b@\h\/)’-‘-(’x,\h(\l,\/?

Lap\md\uh oY e=iuvk
Le=(4,-1000,1) €R™

(1“'-{0,1'5'&0\'\@&\0(‘ vedtor Sor w)

<K, Lox ¥ = (X=X )

X, Lx>= T wie) (k=%
e= iu,vk

POS\*;\VQ. semv-deSinite A

© A s sywmmeTcic
* <%, AX2Z0 N x

" . >
e\%u\ Vo\\wz.

J
Ax= Ax
ll.K f\s
ewgenve o



Le (\g\m Symmelric,
%e®R moxymzes <X LX7 ower \x\zd

down. 1§ <u %7 =0, then <ulx7=0.
let welR” w/ <ux7=0

deSine S'(i) =

Nul=41

x¥reu L (xren)>
| +¢x

(nere: \\x\-ﬁu\\z'-' W\ y & k= \‘\'iz)

Row\k- A morex
UWRV  where nnvER
<X, (u®v3\/>=<'x,u><\l,\/7

Lap\ad\uh oY e=iuvk
Le = (4, 1)®01y) € R

(:\.\A‘-{O,i'ﬁ"\no\'\co‘xo(‘ vedor Sor u)

<K, Lox ¥ = (X=X )

$x, Lx>= Zwe) (x-x .
e=§.u,v‘§

Pos'\‘\"\ve. semv-deSinite A
* A s sywmmdTcic
* <x,AX2Z0 N x

" >
e\%u\ Vo\\wz.

Ar=

exqenwecTor
Y



Le (\g\m Symmelric,
%e®R moxymzes <X LX7 ower \x\zd

down. 1§ <u %7 =0, then <u)lx7=0.
let welR” w/ <ux7=0

deSine S'(i) =

Nul=41

x¥reu L (xren)>
| +¢x

(nere: \\x\-ﬁu\\z'-' W\ y & ) = \‘\'iz)

Row\k- A morex
UWRV  where nyvER
<X, (t»\®v3\/>=<'>(,u§<\l,\/7

Lap\ad\uh oY e=iuvk
Le = (4, 1®01y) € R

(:\.\A‘-{O,i'ﬁ"\no\'\co“‘o(‘ vedor Yor u)

<K, Lex ¥ = (%=X )

$x, Lx>= Zwe) (x-x .
e=§.u,v‘§

Pos'\‘\"\ve. semv-deSinite A
© A s sywmmeTcic
* <%, AX2Z0 N x

" >
e\%u\ Vo\\wz.

Ar= s

exqenwecTor
Y



Levomor: LC‘:(\{M“ Symmelric,
R moximze.s <XAX7 oee \x\z4

= Lx = MX Yor M=<X, Lx>

Prooﬁ

V Soc V\GR':’
W5 <u,X7=0, then <wlx7=0.

=> Lxespan(x)
=7 L'x‘-:/M"X So( some JA\éFR“

=7 MEMLKET = <X L

Ronnk‘ A morex
UWRYV  whee nveR”
<%, (a@WY Y =<x, wH<N, Y
Lap\md\uh oY e=iuvk
L= (4,-1000,1) eR™

(1“‘-{0,1'5'&0\'\@&\0(‘ vedtor Sor w)

<K, Lok = (=%

<X, Lx>= T wie) (k=%
e= iu,vk

POS\*;\VQ. semv-deSinite A
* A s sywmmeTcic
* <%, AX2Z0 N x

" . >
Q\%u\ volue

/

Ax= Ax
.\ 7.

ewgenve o



X .
Levomon: LC‘:(\)\“ Symmelric,

XE W\“ NOX\WMNZE.S <’X., LX) over \x\z1

=> Lx=px Sor m=<x,La¥

Specta) theocem. | & R Symmelric

then L= 1‘ (V‘®VD + ¥ 1“(\1,"@\'\'3
WMQ ’>\\, >, a'r\eW\

WA

Ny o Yonocmal  bosis

Ronnk‘ A wmorex
WRV  where ny eR”
<X, (b@\h\/)’-‘-(’x,\D(\l,\/?

Lap\md\uh oY e=iuvk
L= (4,1080,-1) R

(1“‘-{0,173"\no\'\c&\o(‘ vedor Sor u)

<K, Lox ¥ = (X=X )

<X, Lx>= T wie) (=%}
e= iu,v'&

POS\*;\VQ. semv-deSinite A
* A s SYwmmelcic
* <%, AX2Z0 N x

& qen Vv o\\wsz
Ax= Ax
I\ J

exgenweor
Y



Ronnk‘ A woveix

4 .
S\wz.c.‘\’(o\\ Yheocem. LC‘: \K“ B .S)'mmeTnc URY  whee wveR

Then L= A (v@v) + ¥ A (v,® Vi)
where A, 2, A ER

Vi, ™ Vn o Vronormal  basis

prods

<X, (b@\h\/) =%, uwEN,YY
Lap\ad\uh oY e=iuvk
Le=(4,-1000,1) eR™

(1“‘-{0,113"\no\'\o.i\or vedhor Sor u)

K, Lok = (=%

<X, Lx>= T wie) (k=%
e=§.u,v3

Pos'\‘\"\ve. semv-deSinite A
© A s sywmdlcic
* <%, AX2Z0 N x

Lewmo. LR Symmelric,
%R mosimizes <X LXY oee WxWzd

= Lx=pmx  Soc m=<x,La>



Ronnk’ A morex
URY whee nyeER”
{x, (u@\hxp =% WYY

Lap\ad\uh oY e=iuvk
Lo = (4,1080,1) R

(3.“‘-{0,113"\no\'\c/.i\or vedhor Sor u)

<K, Lex7= ('x“—xﬁ"

<X, Lx>= T wie) (k%Y
e=§.u,v3

POS\*\VQ semv-deSimte A
- A s SYwmmelcie

o <’x, Ax2Z0 N x
Levomor. Le(\{“m Symmelric,

%R mosimizes <X LXY oee WxWzd
= Lx=pmx  Soc m=<x,La>



Specto)l Yheocem. € R Symmelric

L= A, (v@v) + A (v, ® V)
where A, 7, ALER
Vi, ™ Vi ocronorme)  basis

g.io( ‘XG‘RY\, wW\\e

Lx= AL@Dx + ¥ A N ®V)x

Ronnk‘ A morex
MWRV  where ny eR”
<X, (b@\h\/)’-‘-(’x,\D(\l,\/?

Lap\ad\uh oY e=iuvk
L= (4,1080,-1) eR™

(1“‘-{0,173'&0\'\;&\0(‘ vedor Sor u)

<K, Lex ¥ = (%=X )

<X, Lx>= T wle) (k%Y
e= iu,v'&

(tm'\qv&., A =<AND) Positive semv-deSinite A

© A s sywwdlcic
* <%, AX2Z0 N x

Lewmo. LR Symmelric,
%R mosimizes <X LXY oee WxWzd

= Lx=px Soc m=<x LA
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scoceg(w) |

E et A= {xe R:jo'. 2‘,'7(\(“\-? { he¥cbalions over VS E

i Theorem  there exists xe AN <t

X
x= S Lo ¢ gen
Y (uNEE AW

i IS G e s'\'(‘ong\/ c,o“neé\'ec', Yhen X s Mnique.
i ond stadly positive.

Theorew, resiadled: evecy vondom walk has o
stalionacy distribition. IS5 G s S\'c°n8\~/

conneced, Then s Aisilbdlion s unyue.

Theocem, redafed: lef G bea dic 3(0\9\\ ond R the
Yondom WalK \ivseq( "Nap. T\\m R \\0\5 an e.'\ée,wecl'cv
X € A\l w/ e\gexwa\ue, 14 1S Gis S\'(ong\\, comecied

/



T“ecfz\“'. (7= (,\l. E} \A“A'\( Q&A, WS E_:; ﬂ Ronk-d  mateix

720 VRV where WNER"

. DV —
Ie_‘l' R . ’R -’I’Rv 62 (‘ano'cvn Wa\k W‘QP i‘:,(u@ﬂy) =X WINYY
. ) pladon o5 e=fuvk
Then R has stationacy diste seBDy w/ L= ey R
_ S <, Lox ¥ = (o, =xq)
sy = O\QEGD degv)= e%(xce) L . % g
aw - S o) oploaciown © @
W& L= ZEwca Le
ec
<K Lx>= 2wl -
P(OOS' e e:%& S

POS\*;\VQ. semv-deSinite A
* A s SYwmmelcic
* <%, AX2Z0 N x

Lewmo. LR Symmetric,
%R mosimizes <X LXY oee WxWzd
= Lx=px Soc m=<x LA

Specta) Yheocem. L&“K“m Symmelric
L= A (0@ =+ Ay ®Ve)
where A, o, AL ER

V\' ,Nn O(‘"\‘U\'\OC‘W\ BQS\S



Let R have e.\ge,hva\ue.s

MV Z P2 2 M, 2

Theorew. et Bz \-wox L, 1wy 3
IR -l < (1Y o

SYalonary
adistr\bwion

Ronnk‘ A morex
WAV where nyvER”
<X, (t»\®\l3\/7=<’x,u§<\l,\/7

Lewmo. LR Symmefric,
%R moximizes <X XY oee NxNz1
= Lx=px Soc m=<x LA
nn .
Speckol Yheocem. €W Symmefric
L= A (vev)¥ AN BVy)
where A, o+, A€M
Wy, ™ Vn otronormal  basis
Theoram:  G=(V,E) wndiceded , w:E>R,
Then R has stationocy diste. sely w/
- d (V) =S w e =W
Lewma \ot A=C'BC.
* A ond B hove some é\aehva\ues

* C mogs egenvedors or A
o evgevetors of B

Nocwolized ro«ho\;am walk woXeix
Q=0"RD*:D AT

* D2diog) W/ d=degrees * A = adjpeensy meiix
*R= AD' = candom wolle malcix

*Q s sxlmmék'\c,\.

*Q Yos some e&gequ\ue.s os R



Romk’ A morex

S\m\ o Y\'\Q’\'r s UWQRYV whee nyeR”
<%, (a@WY Y =<x, WH<N, Y
A B c “)\h - 2 8 m.\\q(‘ & Lewmo: LeR™" symmeti,
J o \ ‘xew\n moximzes <X LX7 owec \x\24

_ xn = Lx=px Soc M <%, Lx>.
A=C'BC Sor some wwertille CER b L ome

where A, o+, A€W
Vi, ™ Vn oNronocmal basis

-\
\Q-Y A: C BC. Theocern:  G=(V,E) \mo\'\(e.éhcx, wE>R,

Then R has stationocy diste. sely w/

LQ’“'“Q C (QS((\E,\’S '\'o \somo( Q\'\\Sm aw 263>
befween kel (A) od kec(R)

pfoO‘ii



Ronnk‘ A waveix

\et A= C.‘BC. U@V  wher uveER

<%, (a@WY Y =<x, WH<N, Y
Lewmo C esicicts Yo isomor ehem Lewwa: LR symmeri,

%R moximizes <K LX7 orc WaxWzd

= Lx=pmx  Soc m=<xLx>
&Twerm ke( CA) ’A kzc (3) Speciol *\ne/:(exn L(e\\?\m“ SymmeTric

L= A, (v@t A (v BVy)

where A, o+, A€M
Yy, ™V otronormal basis

Theoram:  G=(V,E) wndiceded w:E>R,
Then R hos fafionocy diste sely w/

C\ v)= E‘ wle ‘_2'“(-'?'
eg( 3 €36 ¢ ), W I )

’ A 0\“0\ B \\ONQ, Some e.'\ée.hva\ue.s T %\%}('l
- C Mo@S e.‘\gen«.c'xofs & A ¥ e:\gewe‘\’ofs or B



Romk‘ A morex

No('mo\\\'zecj romo\om wq\\( WOXE X UWRYV whee uveR”
<%, (@YY =% WYY

=\/2 \/2 - - 2 -\/ 2 Lewmo. LR Symmefric,
G = D R D - D A D ‘XEW\“ moxymizes <X LX7 ore WxW24
= Lx=px Soc m=<x LA
-\ _ . . Specka) Yheorem. LeR™" SymmeTric
’ D“"\“‘%L"“ wl C)““)‘egf ees * A= adpeeney ma¥eix L= A, (V@ =+ A (e ®Ve)

where A, o+, A€M

-\ . . :
° R: AD - (QVAOYY\ WQ\\( mﬁc\x Vi, ™ Vi oVronocmal basis
Theocew:. G=(VE) \mo\’\(eéhcx, wE>R,

Then R has stationocy diste. sely w/
Sy = degd deg)= o v, W=

Q s s\lmmeXf'\c\. e
Lewma \ot A=C'BC.
* A ond R hove Ssome e,'\aehva\ue,s

G \'\QS SQW\Z Q:\gm\fﬂ\“% (0 @ R\. -C mopS e.'\ae.nweﬂofs & A
a = e,\gexwz\’o(s oy B

Q= V&Y, ¥ ML) Y~ + a (v BV,)
wi o\ Z Mz 2z,

(c\so ej\aevwa\\ues oS R)



. ’ Ronnk‘ A wmareix
Nocmolized rW\"\OW\ walk waleix UWRYV  where WneER”

{x, (u@\h\/) =% WYY

V2 =Y/ z Y2
G - D R D D D Lewmo. LR Symmelric,

‘XGW\ moximzes <X LX7 owee \x\24

. D= d\o\gb\\ wl &zc)e,arezs * A = adpeens; maix 2 Lx=px Soc pz<alay

Sve.c.'\’(o\\ Yheocem. LC“?\ S)’mmeTnc
R AD (CA‘(\AOW\ Wa\k YY\C«C \X L_ 1 ( v @Vﬂ'\' _\_’)\ (\!nQV‘D

whese 7\ -, AR
\A ""V“ of"\'ov\ormm\ Lasis

o . -\
Q S svmmé‘(\c'. Theocew: G=(V,E) \Av\o\\feéhcx, wE>R,
o Q \\ms SQ“\Q; Q:\gchk\“e's oS R\. Then R has stationocy diste. sely w/

S\[ = _d_ea_(:ll d%(v)-’- 2 wi(e), w:e%‘"(f-)
aw ecd) =

Lewma \ot A=C'BC.

Q = V\®v\ -\’ }A-)_LV1®VD .\’ e '\’ }A'\ (\I“m“w *Aond B \\O\VQ. Soame e\atha\ue.s

* C mogs egenvedors or A
W/ M'—'\ Z /ﬁz ? -~ /Avl\ n =) e,\gexwz\’o(s or B
(Mo e’\%ewm.\\nes oS R)

STCR‘W(\/ ?»A

A
D V, <7 Ar<tabation

\/\: \I;\—
|NE“\ 440\17



Nofma\\zecl Y'ow\o\ow\ walk wmaXeix

V2 ‘/z Y2
Q=D RD =D "AD
+ D= &w\gb\\ wl d=degrees * A = adfpcency melicix
* R= /'\D = Candiom wolke matCIx
‘Q s stmé\'f\c,\.
*Q hos some é\gzxwu\ue,s os R!

Q=

Ronnk’ A morex
URYV whee nneR”
{x, (u@\h\/) =% WYY

Lewmo. | &R Symmefric,
‘XGW\ moximzes <X LX7 owec \x\24
= Lx=px Yo m=<x, Lx>
Spectca)l Yheorem. LC\K SymmeTric
L= A @t A (N V)

where 7\\,4' An€R
Vi, ™ N o("\o\-\orm\ Lasis

Theocewm: G=(V,E) \mo\\feéhcx, wE>R,
Then R has stationocy diste. sely w/
_ deq(v) S ) WS
T -a_e\%;_ degm—eém( ) W—e%- .
Lewma \ot A=C'BC.
* A ond B have same e;\aehva\ue,s
* C mogs egenvedors or A
o evgewetors of B

"——9\-@—@-4\— M (VB Y- i (N BN)

<{4,3>

W/ Mz\ Z ,AIZ - zf‘v\ (c\so é\aenVQ\\ues o5 R)



Q= Vo ®d

{4,9>

M VLB Y+ (N BNY)

w/ MEVZMZ~ZM,
(c\so é\ae,nVa\\ues oS R)

Theorewn. eV = \-mox L, lw\ 8
R -l < (1Y o

distribaion

Ronnk‘ A morex
URYV whee nyveR”
<X, (b@\h\/)’-‘-(’x,\h(\l,\/?

Lewmo. LR Symmetric,
‘XGW\“ wmoximzes <X LX7 owee \x\24
=7 Lx=px Soc m=<x, x>
nn .
Spectca) Yheocem. R Symmelric
L= A (vev)¥ AN BVy)
where A, o+, AR
Wy, ™ Vn ofronocmal bosis
Theoram:  G=(V,E) wndiceded w:E>R,
Then R hos Nationocy diste sely w/
- d (V) =S w e =W
Lewma \ot A=C'BC.
* A ond B have some é\aenva\uzs

* C mogs egenvedors or A
o evgewetors of B

Nocwolized romo};gm walk woXeix
Q=0"RD*:D AT

« D= c\'\o\g&ﬂ wl o\zc)eafezs * A = adpeensy matrix
*R= AD' = comdom walle maicix

Qs sxlmmdf'\c\.

*Q hos some e&gequ\ue.s os R!



Ronnk‘ A wavex

WAV wher nyveER”
+ /u\_‘_Lv,_@v,\ Y~—x }A“L\I“‘&va 4%, (W@VIY > =< WIS, Y

W/ M\z\ Z ,“ 2 2 - Z/Av\ Lewmo: LR Symmefric,

‘XEW\“ moxinzes <X LX7 owee \x\24
K = Lx=px Soc m=<x LA

\ \ Specka) Yheorem. LeR™ SymmeTric

k _ D/ 2 Q - /2 L= A (vev)¥ AN B V)

X - D x where A, o+, A€W

Yy, ™ Vn oVronormal  bosis
Theoraw:  G=(V,E) wndiceded , w:E>R,
Then R hos fationocy diste sely w/

Sq = _d_esfl deg(v3= 2 wi(e), w:e%‘"(?-)
aw ecd) =

Lewma \ot A=C'BC.
* A ond R \\we, some e,'\aehva\ue.s

Q= NECXE
{4,

(c\so é\aeku\\ues S R)

* C mogs egenvedors or A
o evgevetors of B

Nocmalized rw\o}om walk wae X
Q=0"RD*:D *AD "
. D= c\'\qg(.rn wl o\zéea\’ee,s * A = adpeensy matrix
‘R= /'\DA = Candom wolke malcix
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