gy, 1SCOEPANTY  WinmIZaTov)

iaa Gowssion condow WalKs



Lednee 1

Peob abo\\\"(\'

EvesYs, Pe hol\ities,

Condifione) e ool \ities,

Won oouwnd

Rondom va tiables,
expeded value,
\.\Y\Q.a('.\‘\’\l oY ex?ef.\’ci\'ion
Mockov's \he.quq\'\‘\y

i iBng idea:  we only wont the a\qugg

E E\Q_\, Y.z {1 1§ ith dJause saticSied

___________________________________________________________________________________________________________________

Tranely 5 Ergeidion
- EDeYI=EDAHER] L

Q\Je_még_, Sum = Sum wmméqé

O  octherwise

m
Z= 2;\\(‘ Z ¥ Adouses salisSied
\=

O otwerwise Geg, ; : E[Z]__LEYZ\'X T—) X aE[Z\m s'] :

Er‘{-]‘ 7/3 (4 Adouse cose) : ;
F fes = [2 } ZEH] T | 2 either B2 o E[Z\X=5Y is >E{23‘

[Expedied conning e 8 Quect BTN W% ;
B v W el ; et
'k N et W/ gy, -
ROJ\AON\ dvide and congques i wi‘; . W‘:: X P([ e «u
. X{ st devet o e _
H [ Compaced Yo i sma— ANnJdd-—-0®
: © pick rordorm “est : O ahermise 1
: | \W| I 1 5% = Fetol ¥ compncisons mode Hhdem 1s compaced wl ja,
H i by the algocithy &>
[ @ Dide A i o pacts L G fthorgh dem ededred |
i - { o Fsl vonning Time beSere oy element in Lafiween |
[eewn [A][> et I e L WISV EREE
i - P
ot racucsiniy soft recuciniy E[ 2x ]@iE[M S EDR)= &

[ row arhyze EIX) i isddfion

< ey, socted ¥ pwdl, sorfed
| o |[%][> eno ||




Le,c’r\»\( 2, 9\

Peob abo\\“\'\\l
Hash  Sunclions,

Unwersal Hadh Funérions .
\‘\EV\}%\( sY. Sor Al ‘P‘"\ e A\,\')E ty\'\:*
PeN= WD)
W)= ((ax16) wod g) med k.

* P pwe, X

cawm 1), e wnd candom

*b i {0, ‘:—\\S umd. Condowmn

M ackov's ‘.Y.V\z.qm a\\‘\'\/

Mar kovs Tne q\r\a\\‘f\l
Let X220 be Y\ov\“ega"f e, RN
P(Y R D.ED(Q ﬁf\;:

A\ 306\’(\'\‘«\5

Frequeney Esfimation,
HQaN\I H\‘\"\' QYS  (in SNeams)

I

I

I

I

14 estwmate & w/
Ay hy CLLTTTT 0y AW




Lectnee 3

Pe oo o‘b.\\\"(\' A\éo(\*\\m S

k-wise inolependlence., Hask 'l'able.s w/
lugkox ordec momenrYs

(g?_hera\\u'\'( wa wawersal hagh
Swndtions ondd Madkov's \v\e,qu\a\\\\/)

_____________________ :| [ T2 [ ] I%I%I%I%I%I [ %14 14l |¢%|%3 CRRECEN0 \%I%\%\%I% {131l 4] T4l l
rwise, independet boch Sunctions 1 oot B %W“l T T T I AL R T -
h: Twl =G i Tmporfont lemma, =R Dby S Pl ayd b Aot 6 ,ﬂk-;;;ﬁmfdw‘bejv:e; e gem For m 2 B, lnear probing ..
H - Sor allvelues V,,v,,,(l H Mo oo [ﬂb{iﬂm X:L AT=x i : : .
Pl Soc ony % keys x,x, e €[U), G b " et an, it b | ot - .
: S Yo . o . H Woro\s
H K volues V\,V,_.m—,\lkeﬁﬂ‘ H let 5(\,'“-,)(,.\ G{O,\B be H-wise mo\e@mAe)n‘\‘ A \7( o"é“?‘es _T“ L ‘\‘\:; IFo ach k € N let ©
Y HH i P \ o5 LThoo, 2 \ i I 2k _1)i+2 -1
?D\(‘XDN.,\'\("‘,):\’:_, wl\‘(rx‘bz\/\:&: %“\2 : E andk M= E[X ¥+ ] -\-\‘\eh S‘b( ﬁ7OJ E ’ e ' lb e the interval of le gth[Z ( “1a )tered ati. ]
iag. ha)= ao*q\x+q1x‘+~+ok_\x*“ wod p . Yymon *i/l\ 2% P W P
1 ), Vo ;
e g g RelXpm Xz $ =52 G B mmm
B : \R\<Q = R 'LK-\-\

O, &, ™ Oy C[P] indep, uniSormly ro\v\o\om

:---------------___________________________________________: : WA WO ki W e



LecYure Y

Peob osbo\\“\"(\' A\ 30(\’(\%\5

GolYor-Weg¥son processes Rwom Con¥acTions

S N Soc wwn it
| e Y ]

i le¥ T = comp\die binacy Teee of \\L\%\{\' K, i
i w/ every e.c)ge, de\eved W] prob £ Va

: L | |
Fods Pleowe leaf connedied Yo <ot 12 @—@ E‘;\;\;\t‘gc';;;;';';;&;g """" B

i - Waltson process’ ] ' Randomized  conteadiions i
tameamemmennnn e SRR i 6= (VE) g WI i Tnglead of fQS\Qf-\‘\ng_ of e
i Ireats G=(V,E), weghts cefy, N4 P o
OV S b || begining, restaet pactway through

| @ somgle €£E in propofion to © W1 ; High-leve\ a\goriitwm .
| ® "comvacte ¥ @7@ ? d _ |
i od a a ' V—D ® Y'Q\'\onn\y confcach wahi\ ?('o‘o. !
i @ euen se¥ oF eAé&S Gin cr\g\m\ 3(0\?\0 ‘ml E E {\ os (“.\v( "“\Q . _w_\, .\S ~ \/1 H
i covicaded o nzxm'm'\v\g edge : P £ N vy N E
et A L |

TiiED £y make two copies of wacrenty 8ro\9\'s :

/’—D i \ £ S — reanrse on both copies :



LecYure S

Peob abo\\“\'\\l

Mu\'\'\?\\cd\'w e
Chexnc¥S Bowndh

Mulfiphcsfive. ChernesS  bound
let X, %X, €00,2]1 be wdependent

M= EYX\'\"""*X\A
eew,\))
o P[XErx, z M < o /Y3

- P[XE-rx, 2 0-m)< e g

A 30(’\’(\%5 (/ cesatd)

Rondom %m‘:\\s
% e g\ ariY  ComponeAl

Ecdios- Rén\l'\ %fo\g\-\s Gln, P

° N overTiees

° each e,o\ée, sc».wp\e.e)\ \v«s\eee.\r\r)e,vﬁ\y
wl  peooolnlity P

constant.

1. If ¢ > 1, then with high probability, there is exactly one connected component of
G with Q(n) vertices, and all other components have size < O(logn).

2. For ¢ < 1, then with high probability, all connected components of G has size
< O(log n)



Lecture 6

Pf' O‘O 0\6\\\*\' (% Yochmaued A\ %‘o(.\)(\mm S

APP( O)(.\Mo.‘\';on.s Vi Max So(\'
\Weac pCo 8(axw\m'm Set Coves

& \"av\o\am\ze.o\ Toun ina_ C.ovex'm%
1\!\‘\'233( v(ogrom\s

LP-Based Apgroximaions

ELihea« programs ()

Similar 7o TP, except no Ih‘fcgra/ify Cohslrains i Do os TP opproximate
: . Y . P e Z_EI(—JX) '“c\-gam\ soldion

min/max Z.L-JX;, lineac okjedtive | | ez zel” ittt inisieininieielelalininteieieinteielells ettt R '

> . b : ! . P - g eqprvivate

n Nineac i P s Axst ,‘ Cownding | H ana \V\g LP <du¥ion e e

over % Q@R M vaciobles | ! ! ai . H A _ . 1.

o A % L : i (/ LP soler I;P:;“‘:\"‘\on E[*x sa¥. JUMSQS—\ > (\- /?J oP1 T XE ['Oli'x Sasd \"E{ S\"‘V‘ SY\.\S 1o see T
a8 == ' 5 v i i | A= p= i
l. H max 2.6 eR" Vol - L e e e mmemeee—m—m—m————————————— ‘ :
%XFL: onsts | o A”LR / T i °bli%°us (3% S o | e ek e § iy 2 - §
i 37(2 3 ! st EES NS ! E 2 > 2 over ye [o4)", z€ [o1] i ! M\K\M\Am S Cows :
L e Py L3 T8 (1—1/e)n > (3/4)% 4 S yr S0z 0 = = ) _ i
: / L4 13/16 (1-1/0n > (3/4)% EER N S I EE[‘F“ 27(0 oe 2‘2’;‘:"5['"3(‘2“;[;;”35
-------------------------------------------------------------- L5 s/ (-ldu 2% eprineasd noh S e
: 16 S o seRd B A e
:- --------------------- S esssesee e ' Dok 112 (1-1/e)n > (34 18 ¥ e ; :S‘x o POl 1\, T‘"‘:“:“"%Z“ .
N i 1 e . . . st ol = 1
! AoW\\Zdho [ ¢ B\ séts in F covering 1\] =9%, 2| “ s
: {on " i I ¢ @ } e 2%
' HE =4 W L7 1
' . : Con we agt =—pPX? P 4% el
1 . 1 ' m -PYF X "_\: < z 2%y £ 7Y oec zefodl"
R N < N i no¥ cover \ ~x)< 053 V4 i
i Conlinmous e Discrete : E &.( pEew iee 57 2
' . . .. H ! N R ¥ ietm]
: o?‘\’ im1zahon op‘f sm;on\on: L PTF cover ) 2\ {388 s
___________________________________________ ) H O otherwise H



LecYure 7

Peob abo\\\"(\'

C O“—Y\V\“ OWS
Randomn  Vaciobles

Vociomee - COheby hevs

Vacrance Reduction

Mo,o\\ (v { o ‘\’( \d&

E VQ(\CM'\CQ,

Vocl))= Efx- EBT )= E - (th\\
Chebyshev's inequality
| Plix-ECal2a) < Y&

WnA\cu\ o%' me,oms E
@ Take neon o (edvce Voionce, :
36( onsfanit prob. o5 eccor

@ Toke wedian Yo qmp\\3~l wecess i
{ prok. QX?OV\E.\'\-\-\D\\\\I '

A\ 30(\’(\%\5

Distind Elewewts

@ @ @ 000000 @ @ @OOOO

A|gs’d‘-\w\ w/
limited space

: Goal: eshmafe ¥ 05 difindd elemedts n the Sreom
&A??ose. Yoo had an ideal hosh Sundion
W. [wd [0}
ond “the crc,\\wv\a Socks s
\ej X, €A ndependent and unSocwly vemdom
X min i\{ - Yg‘g

ﬂ-m ElX)= v

D Sor ench emeny e

[*E(X)= i, z:z;f */
@ etucn -jx}-]_

i(‘e,co.\\ Elx]= lli—\
igon\ dow IX-EX\s & =1

| VJ/ %poo\ ?\‘ob
PLIX-EON 254 )

i Ca\\o.\oy.s\-\u-“
. < Vo (X)) * (K’H'\)l < \v\equa\\m/
' where k o

L Voc00E Gaveed ™
LA how do veduce NacX)

| iwe can go¥ (HHO-APX

i @ el medion oF Yh""'\fa‘

IA\go corvect <> 2% & Yis corcedt
\e,'\' Z=®cocced Y3 Elz]' ol

P[z< (-2)e[A)¢ e .

ideal hath W D) %[0112

E EN/ \0% estoc ?(o‘o. w O(,\/Ql) spoce \v:; ;(MA*&:IQ::“A E
1o . . XS mind ¥ Yg’si
[ vt abodt igh peokebility’ j o el
1o (imdegendedd o B %_ |
i :0) moke g Coples Y, ™ Yq K ik GG |

@ Sor each demedt e i
@ XEminiX Wy !

JHEKY =, ) |
® cetuen -1 E
Vac(x)- EEBAT |
%, Xy indep. copies &5 X |
X=X+~ +XQ) H
Vor ()= Vo ) |

-3 q) 5eayy :
PLxE =X, 20-am ) |



Lecture D

Pf' O‘O O‘b\\\"(\' A\ 30(\3(\\\“ S

Gau.ss'\an
Yoandow Vaciables

Causs\an C m\o\om vaciables

DimenQoha\\{’\’\/
redunon

X~ N(p,6?) i R },Zi;*';k;];%}? e i
/ \ E B‘%w&-wc’“\s _ | Plo-allel? < ¢ uA P < 1+ el > 1 - 2074, :
: mean R ; \ \\i‘\\'e(a\\\/ 0\\‘\;/ sexience 18 Fiwe : N S
; . ; oo\ alop\ o \o-ot)e ———o i o P
E DeS: the mce.s‘f; most Pkasavd; Convenient ! oy % © ey O&,«M R«J\&\E ] k{f' \e
; random Vaciable eves ; P W ________ encodes. Text in high dlimensions . .
““'_'_'_'_ ''''''''''''''''''''''''''''''''''''''''''''''''''''''''''' $ o T EY\\Ax\ﬂ = Z,E[(A'X);} = KN
. ' Fadx ‘r/;\.‘r X~ /V(M, ‘*-) AelR. : Dlmehslona||1’~/ Reduction - \\\3\\ \eve) E[(i A ] \\xﬂz
. en X+~ N(m+a, 6‘) ; ; Ollog W) dimensions suSSice P x
’ dx ~ N(am, &€ : ; P AGGAN(O,)
x Tl ; i where n =¥ poinwts i ;
| Fodt et X~ Nlu,, 60, %Mo, 67) ; ; <@ P 2Aux ~ N6, )
e s N 069 L R S ot L eNTomD
\ i i i ; ! 2
Fo‘d ket KN (O n < : ; One. can maP n P°\r\'\'5 wio \Ro('ha“/ ) ' i \)(Y“ A\, = \F\\X\\I'C\Kﬂ



LecTure 4

Peob osbo\\\"(\' A\ goc\)(\mms

Locality-sensitve Approximate.
\r\ms\r{mg hearesy hé\é\%ors

Random line embe.c'cjina, @ Buckets
e L L L e e R L e e e P L e PR e e e Ly P EREEELE W& = L<3,‘x>+o\_3 w/ 3~N°l, """"""""""""""""""""""""""""""""""

L= _ _ . a- ] . . :
Ean Belo, 7). gnen g, evther; Lemma et . x,\,;f) \ o\C—.fo,:l] s, (ard. i Nearzs\' neugl\‘)o( .Sca(c\'\ T\/pes OS' o\|§\'ahc£_5 i
i ) ORYpuY pe? w/ 4-(?,005 Lo Fhen 3~ Pt ! I ) d !
i %) delae vo <P W Aemzo Ffs\an@g,x))#signkgq))]: 4—'(:—(’25 E E E '\Plﬁ-r: n PO\K\—S PCR . E\AO\.\JQGV\ C).\S\'QV\CQ. E
. Q¢ 4ok ; P o o i
(deSine b 3_ 7 1,28 by s o » . Nx-2\, - szl-(x;’zﬁz i
; h,0)= S\gh(<g;,x7\ wi g\”)( b Pl e e A i
: - ~ 1 P ‘ * Angle 2 :
EW\"Q’“ q“ex\l'\hg y: k=Nleg?)/ 36 J-J;fvx‘v:;onal o i E ° X b ° 3 E
i' & There & xeP w/ E PO, then T collides P ° . i

w/ Probo‘o\\]'\?/ ZNw : i ° R . . o x E
E' exped fo colide w/ oF most one powt xeP i i ’ i
_____ w #xyp7e0 b Query: %\vm qe\R”‘, Sd osest powt W P o q



LecYure 1O

P( O‘Q Qb\\\*\' (andh Yechraqued A\ %_O( \*\\“\5

LP du\o\\\‘\'j Spacses\' CY

S?eum\ case: UmSorh spossest ot
wl wiSorm dewands bluw=d  Nuy

I Y}
Spocstty T 113\

L\‘m‘Yr\c, e.m\oe,o\d'ma,s

ectices on R based on pick €011 uniformly a7 random
< kit denghs y  OWlput the cut of @

$ma‘m\ o
OVA Fmee e,

O a3 4ls 67 3 4
o o

let y:E9Ryo bea minimum

Mox Flow
M CiY

s

all <~ pths have. length 22 o LP

-an S, ce)dlu) over W\E\'f\(.s A:NxV >R

esfudeE

¢, £.blHdEn 2\
Ly

Minmum  Capacity

E[c,o\eo\c:\'\'\/ OS' (.v\'ﬂ o omm E
b Cfcle cal] < 2 CeYe

Poth Pmc\i\wé LP Pﬂ};{»ovu'm% Lp

(3l capacily o5 “Seadtiondl i)

Maxmize ZPX? minwize 22 CeYe (g eeE eeE o d;:ﬂ S
2 peciction ~—~—— 15)-5) 5 >lod
ovec Xi?s’t )’Rzo Over v. E"mzo s e A= R 7 (assu ma}msm max §)=1) |
(all s~ pathd)
; o‘ \ . - /_\
s T, N sf o £
=1, g‘: P (Lésjﬂ eo\gesa 'A e Z 76 ‘;e £l o (v N //\ B SO +\/€ b[(, S‘\b"‘\’cs"

wmw anly of 5t )




Lecture |\

P( O‘Q 0\5\\\*\' (andh Yechraqued A\ 30( \*\\“\5

E Approxmation by Hree wmeltys

:Other mefric-based problems

i (sometimes via corcesondonce befween s &> meiics) '
| Bugrat-bulle nefwork design i Dnpat: undivected G=(V,E) wl @\3¢ weights wE>R,

T (gl

Ek‘mep‘[ar\ clusteri P E E H .. i
: e Ia(:-diug_ o '—(.L'f . E i Gon\: co::;\\:e, ‘\\;(‘ CQT : (-:::\'umma_v Vo noo\‘%) . i e
| group Steiner Free i P So Thal  shorlest paths on 1 afe clese % 1 a“ m\z

' N a Te :
| mefrical fask sysfems E d_‘ wnz d(,(w‘h

E%or o= fuvy (didtane )
(steetch = Srl)
: d(,Lu,ﬂ

(Aigrance  G)

i vehicle rou‘\"\wa_

! hiecarchical placemert

id&f«;b\:\'e.cl k-secvec .
T o -

H’ hese problems are easy Jor “cee wnateies | E(S\'(e‘,\'c)n &)= pologm) Me

Tree. melces

' Theorem T randowized potyvomial tiwe,
\"aht)\om'\ua Wexarchica o\e’m‘md\'\vg tree weltic wf E

§ Elshetcn ) < Olog)  eeE




LecYure V3

P( Ob 0\5\\\*\' (andh Fechmqued)

Additive

Cherndys Ihequa\'\'\\/

A\ 30(\’(\%\5

e'som\p\es
ond Eners

Doub\e.—.sompling.

Additive ChernoSS  bownd

et X, %X €011 be independent
= BT =+, 1/

[IACAY)
2

PRy e} g 3D

_ 2t
PRAT g ] 0

L Esomple g pdlS e ¥ eeR PR D Esomple Mgl pmdlf e ¥ ceR (PRj

E lef @ sample. ko wl ceperition o ":\,s' (2"‘3 o ! E ler Q@ sample K powits w/ cepetition » '/;s ! (‘ . E

: n HE pots T

k= o(\ (igfm):> E-somge. k=0( \n(éé\?\ﬁ) B e s (o ﬂi k= O(\ntggfm):> £-somple kzo(\h(ggvmj B e o (ose s O

: T e AR :
; £ el heovem :

:E E,‘.Sc«m?\e. \’heore,m

\<zo(_\“£aéfk))) = €-samgle,

H
(Wl consiont probability) |

ey g0
L~ o ¢-
k2 O( _i,&) 7 €-nel

ey geoGd
| ke O3 =5 €-sampe
kz OB Esamg

Q'\v\é\a?an&\m‘\’ os \P\ (\)

_ land\
A= S

Qme?enam 5 WP\ ()

RAG={rnat ceRY

RAQ’-{W\Q: reRjji H
.
mox {IRAQU et Sy pT At iRy 5 ] P[RR ey ] € @R o mon §IRAGY ot e




Lecture \3

P( Ob 0\5\\\*\' (andh Fechmqued)

A\ goc\’(\xms (vl ard,

Coc\é\ﬁemxl A T3
PA(.. \QO\W{\V\% moAd

GenecolzaTon eccoc

Oc,c.am's RG\ZD(

Gene ol \zaon by grow'\\'\



Lecture, W
Algocthms oo,
P( Ob Qb\\\-\\' (and Fechriqued é’

(O p"\m GD |
Eh“OP\/ Evcor-Co«e.c:Ymg.
Codes



LecYure \S

Pf‘ O‘Oa A\t
b\\\-\\' (and Fechwiqued A\ o€ . *\\
QO TTMS o

Lovosz Local Lewmma Moser s
< rwme“n%

a\gof\*\f\m



LecYure \6

Peobabiiiy s A\gof\)(\\ms (el ol

Rondom Walks Pa é:z_( on
S‘VOI“ohafxl Diste \buhion

Pe-ﬂ'ov\'F\' obeniug hesrem



LecYure 16
P( O‘Q O‘b \\\-\\l (and Yechriqued) A\ 3_0( \*\\“\5 (22‘:,?2»2;‘3}9

H }gk-d imensiona |
rondom walks D&(epmn ey
Mote Sun w/ Goussions iz



Ba\o\nced c,o\or'm
Coloc po'st ced\ /L:\\AQ. st all %% \V\O\Ve, same ¥ oY each

w BN NN oy gy, -y ‘---..
'&‘ ...~~ '¢‘ “5‘ 'ﬁ‘ - ‘------...
! ~~Q ® RAERA s ® LS
. 4 S )\ K A} . ~s
‘\ ® ¢ ':“ ,' @) 1 N
- . ‘
Y, g ) ~ ~ .
LGN 2 ’ & 1 A\ 1 18 N Y} 'l o . . 2
¢ v 7Y AU B RN RN 20 heS Y,
¢ N Y4 23 \ v 1 IS \ _'_-l-.'. ‘ N
l' hES ,' o : ‘\ @ \ T 1 “~~ O ’ " s x¢ 1
’ Sout P Tova @ Tl l'. ’ ==
q 1 \ A\ Y ] l 4 | b ) ’---4-- « 1
5 | 7 . P . i .
/ v 1 @Y ’ Yne’ ’ ¥ ’ s
I AN ~ s T | _,,’ '}&~~ Ry ',(\ o, }‘
I . ' r Weana==" 2% L O ’
@ ® . | 1 @ P e A ¢\
1 ‘o ! I ¢ go=" YR\ R \
‘n._,_ S I
K “ " l' I' ' &" ‘\ ~.---—" . 1
\ . \
' s
‘ ) ‘g
S AN ’ . 1
o 4 ~~ . ’
7/ “mmm=" o '
Y4

CX\SUQ?CK“C\I O% SQTQ = \"“\:'a\ue - '&VQA\ ~~~.'-"'
gOQ\ . m\“\h\\Z-ea MoK &.\SC;( Qemc_y



Ba\o\nced c,o\or'm
Coloc po'st ced\ /L:\\AQ. st all %% \V\O\Ve, same ¥ oY each

“----... ‘-. e
* o . ~~ 4“ =~ - .
4 “a e A o’ pom=="C L P
’ 4 S 0 s” s Sea
1 . 49 N \Y4 Y 4 A . ' L 3
' P . A ¢ ® S e
“ ;,——:v-----'L“L :‘ “
- s = -
S omm T T el T s PN ® -t sy )
¢ TN a s I 1S, @' RN 4 e ~ 1
S5 0 " o SO0 S ) ~ 0 .
! Yoo . ® r N1 e SelrtTTH S Yo’ s
' LA e P Y Rt abt ST T L i S
’ LN 3 P ) NP4 1t ® 1, I W
l' \\ JI..--r-"’ '}«~~ "' )(“ ‘ " ‘}
1 O ® .} 1 @ RN Q,:"'-"" W\ @ AN
' ~ ' ¢ e ’ ’
- |}
\‘ “'n._,______"—" s \~ "' 1
. v )] ’ O R RS . '
q i L N o - |
. ® / @ % -’ * ® 3
\~ Y 4 s P LN . 1
Seo . »’ - AN ]
/ -
V

CX\SUQ?CK“C\I O% SQTQ = \"“\:'a\ue - '&VQA\ ~~~.'-"'
gOQ\ . m\“\h\\Z-ea MoK &.\SC;( Qemc_y



-3en

ee,\)
e

dependent

W
<
<

_./u\ﬁ.l
<

X\+ w'\'Xh S

M= E\,X\-\'w'\'xh]/h
n
X\+—-*Xh
N

-

Additive ChernoSS bownd
° P\.
P

\et X, X, € lo,2] be

M

Ba\omceal c,o\or'm%_

hove. same ¥ Sy each

coloc povds ved /blue st ol sets

i
22T TN e [ ]
Q #< ’ ~,
, LAY ’ I'
4 ’ (N4 N

7 ! S N
7 ! Q) y
/e 10\ "\

1 'y [}

i (IR [ 1 e

4 1
1 1 [} [ H
1 (W% \ !
[] ) —% s\dlll ’ ’
1 . O N 5 R
' u\tl L St Ll
! PR ttJlll.v ® W \\\
(4 A L4
(R4 . ;.i'Lba\\ \\/
1,/ Sel T e i
SO @ TA-FTN .
n L] M .
i) MO K
~ Y
Y Sk T 1
H ® S g e\
[RY R ¢.~ [}
Y '® ¢
NN 1@ N0, P
AN A I '
., (Y 1
SRS IS ' @
~ . * 0, '

~, BT ! Y
O PO S NI
Pt TN MRS

g H Sa

0 ' =T
R H JUCTIEN [} N
1 o ! \\\ / -_

[ i,

Nk 11 o

S 25 Y .

N’ -y ~
AN RPN T 9
RN e [ ] .~ .—-\\\\lﬂr

-

\ ™ o \\l lllll =7

’ % o

’

J N o S ) PY
] HS ' ¢
H LS v
oSS e
1 H ~--" @
'
® ’
1 [ Ya
' N
’
—‘ “\5
Y RN Y
e d
Yamm” N e

llllllll

~
Srmamm=”

discrepuncy oy sef = | #blue — ¥redl

"

goq\: AYMIMZE  ax ONser epancy



ossume N sefe ond N pownts

mox ohscre o5 (ondom cp\or'ma?.

gmss A

Pe \tc\'\sc. (5)2A)
= ?([\)(\A— -\'\ﬁn\ié‘\ e
M7 — z

Ba\anceo\ colorin

"""""
~~~~~~~~ N ”° _.-",':- Se——
~~~ 'O . \‘ , ¢‘— . \\ ~~~~
. \
[ AN v, . ® e
[ ) ’ >, “‘ 1 [ ) Ay A Y
PP Actuiaiely'al T @ oA prrTTee N
pmm————e RN Rl Ny St
<, [ o SN ~O Ny
< e N H HRANSE —=ldl o b
s (Y ~ - 1
\~~ ',' [ ] : \\. 1 \‘: PY :;-,"‘:. H 'l.'l N “
P _ vi ¢ 1o "t=lgaceeg="— 1
1‘~~. : [ ] ‘\ 'l [ ] “' '¢'¢ ". ‘-;;' T \\\l
LRR D] \ 'P\ 0 X e, #
., - - ~y 2 LY * .,
PS ~ r Py FYE ettt il AN [ J RN
.
® S ] _g'—" A ‘\' 4 )
bl O R L AN e
v [J H ® N TSeaaaer
o ‘o <N e
> -
/(\ """""""" ®
~ [ J

"c)’\we,vcmc\[ & sef = |#blue —Feed|l e
%oq\'. IMIMIZE o ONsex epancy

. Additive ChexnoSS bound

E\e‘\’ X\"",X“EEO,JJ be wdependest

L M EIXE X/ EEOD
K+ et X ~3e'n

R Y R ;

E TR * —'AE?‘ E

e P\_X‘ +X"‘ﬁ,ux—i—.]$ e




“6 \Am e; ﬂ 6 eTs aﬂd % PO‘ n-rs BG‘M\C&”,O‘ c.o\or \ha_
coloc povdis ved /blue st oll 6% hove same ¥ S each

______

R '~..~ e ——
~ S

~ ~

G -
, .
° ° ® N *l: [ J N 2 ® ° [ ] N
[ [ ® &~ 4 ) N e S
1 ’ 0y Il
" ,____..‘.-.-..L\“_. @ o \
X R s ___---_,‘,'," s ;o ~~~~ X "¢ o ° S
P Pl W] A S 4 ' o A4
PG (%
/’<~s e /’ :s\ [ ] \ i i R ".--"..I.“ L4 ~\ Y
s ~ /@ 1 Y ! PY SeLkT Ol N -~ \
’ ~d I A ALl ” T 1 ’ - ~
’ A 1S o ‘e N ° Teby-mmam- N
B ~ . ’
1 NNl v W, (“ o ‘}
LT ) RSOt Y Y AN
e 0
[ ) ® .. 1@ ,';__.4" “\' A
DG TS Y L 7 ® E AN e
’
H [ J

. Additive Chermoss bownd
E \et X\,’"’,X“ efo]l b wdependent
m= Bl F—+%X, 1/ €€

Bettec? e
L VL L

[Spencer 1935): O(Jn )
mocR éem( 0\\\\/ 9.8 -Y_\Tog(mm\ S’o{ m &S, n Qoin‘\’s

J“\ A b\l O‘AO\\'\'NQ Onef noSS’ ) “discrepancy & sef = |#bue ~#ced) S
%OQ\'. MIMIMZE  TOX &\\scx WC\/

wWaon  Sowno.

proo¥ wos exisferttial in hature.

A\ 9o W ?



Be.ﬁe( ? Balanced Co\o(\ﬁ%_

_____________
. S e Pl S
-~ - e
§~ - ~

, - '~~‘
’ G . . “~
4 “
H ~ e 1,0 ® N o P S
: A ® e AR X [ ] N S
P Semmmmalt ! I s
° kN ."' """" ., -'L“"-.~ [ ,—"',ui\ heN 1
L L E e ] . ) o » H e H
(9 < . o1y, ~ ? O N . ¢
' -’ Pid ~’l~ \‘ @ . ‘: AN )\'
- .

RN ’ HN LY rak bl NPt
Q ] > [}
4 [

S ]
¢ e 0 ) \ Voo - + [ ]
A . . ¥ 11 . s H . PR
~ A3 v @ Yrell) Ty N -
’ LR Y ‘oM L Pt STT RS .
— 4 DS o 4 1 ,* [} .
’ H [N 1 # 5 vie Yl
H RS ST -~ A4, -~ 0 Y
1 . IRLET @ W LS e AR
[ o . ) 1o SRt VW RERY
H Rl TS L 7 EAN I \
1 “ 1 oy [ ] g ‘\ ------- '
A3 ’ 1. i ey [
s, o N e W4 Ptag s [
K A RO g AN 1
\~~ AN R ——— N [} H
~ [ ]

“~ 4
T

%’ . "d\sc;;;;%:,'os seT = | #blwe — Fred
O W &S, N POVATS e e e

(procs was exisfential in nature)  Addfve CheendS bound

A\SO( \"YV\W\‘? PEREREEES VI ICHY

' A+ ~+X -9e°n ;
* Pl== “ZM%—XSQ :

[Bonsa) 3010} OUR \o%(m/h\\ AR s
(.80\-520‘ on rouhding SOP)

[LovetttMeka 20031 O(\ie n\og(m/nﬂ

I'u.glfo'l.me,nsionq’ Condom walk

—0




-
~~~~~~~
4

Balanced co\or'ma_ e
O( \' h\ (_mlv\\ 3 A.\& [Lovett+Meka, 20\ coloc povds ved /blue st oll sefs b

ST ..
’ - . .
s -
~~~ ,' P ‘\ " R4 [ ) \\ P ° -
7 ~ ', o . g
1 ® . A % e, ‘
\ L N g .L “-.. ."_ ‘:;“~~~ o3
‘hv\ T p ~ ~
“ " se] ‘l’ N : ‘l‘\ .~~~ :' /' AN 3\1
APt ae ,><~." N E N ANPPPT LT L U ) \'\/ Y
-
. . KN »” i @ PO O vy =y
. SN S e . RN It ;,-...'_l_,____,__ %
~
! ~” : K ' e ‘Yl »* /O & ’ ‘l‘
- ’ I~y H ) ’ e K ‘(‘ ® i
7 DL vV '} X AN o
‘ ' et (] e mmm=” \‘ A YRS ’ Y
] AN [ r /' 0. X \’ ) ‘
. ) : ;e g ~ b \
¢ ¢ T L peg” LA - )
‘ BN / [ J 7N e e ¢
! N ’-Y S o e C “ Ve i TN !
A3 ‘e - . ]
Ly
Ly [ ) v @ R . ® ,
. a d S Py '
Sse 2T e ~~
______
.....
? ' N
-
) \Y) I m

”c)'\we.vcmc,\; & set = |#blue .—*\:\"mo\\ “=--
%oq\'. YVNZE o, ONSEX REancy

Goul:

N MOX \’X(S-D\ )
xeg4-141Y S oheee K(SHE 6%‘7‘3



------
tttttt

Ba\omc.e.o! co\or'ma_ R
O( \ (X“In\ 3 A.\& [Lo VT M z\qx’ uo\a‘x coloc povds ved /blue <t ol et h
nloy

ST
4 - N .
~~~~ % [ ] N/ R L] s, @ ) “s\
7 ~ ' ° . '
1 ® . ¥ S e, ‘
oo S s e NN
PR - : .
. ad \ o o o X Y
N e “‘l . 1 |\~ .~~ ! ‘: . ~~ '«
Yher” Pre 9 NN ANPPPT T LL SN s
¢ l ‘hn om < R AN v H ~~~.‘,— 1 ‘ Pt 4 '
o . . \Na SN e 1 1 AN Yt :;."I"l'""“"- |
~ H ! ; :
~J . ! . ) y
K Sy H ' g ® ‘3{ 4 ‘(‘\ [ ] ,’\
- h DRI v '} L, AANT PS AN
‘ i KSR TS T R X ‘\x A
[ . - \ '
‘ :® o S ’ \
] ® ? g S . y
~o ¥ 1 a2 . .
[ L] ~~“'~..|.._.--u-', PY e \\ ______ ° \
! ' d
’ [
NS ! o . H
LY ' ) . l
) ® Y ® LS P Y @ ]
h QL T .
xh?v\ S,, Sy & ‘ e N
“ ------ .
~ .
.........
. - “
° \ , .

”c)'\we.vcmc,\[ & set = |#blue —Fred) ---

%oq\‘. YNZE  Tox ONSEX RQancy
122118 MOX \’x(s-\\\

' N < 3 |
' xegAHY S where X($)Z %S‘x ;



Ba\mnceo! colorin

: &
O( \' h\og(*m/vh\ cA\sc [LovelttMeka, A01F) cor ot xed/ue st cll s P same e

--------------
~~~~~~~~~~
~ ~y
§~ ~

——————
--------------

[} \ ’ Y N
° e \‘ ) ,". '__\‘_’ _:...._~~ 3
\ [ , - H
A Y Lemm T T e 1 ey H Y §~ B ': ~~ . ‘\ K
- S, A N | 0y '~ . ~ R ’ " o
PiY ® - 2 RN N K N W
Sl 4 > Yo U LL Lk ® - .
0 ~ # [N v N SN I B AN ™
S Sd L4 R LY T [y
’ . PR
1 1 ~ 1 A Y
H 1}
[ N !

H * H K \
5 v i . \
AY Y ’ - PR ‘\
o S S C [“ \\\ ° /x:\. x}i __________ \\ o ::
1“‘\)\1\ . \ ' 1 9 = e e S
d\we.?cmc\[ & set = |#blue —Fead) Seeeet
%OQ\'. MMAIZE MoK c)\'\&cx eQancy

: 22118 R MOoX \’X(SD\

X€q-131% > where X(Shd'-fsz' X,
Jes;
“F(oxé\' o oo\ofmg_ %xe -1, 1]“

\

1-‘ S "‘\’.\3\\‘\"‘ S \X\\ >\-¢ whece E£= -

. . 0 N
0‘\\\2.( wWAse A\ S¢ ee



Ba\mnc.eo! colorin

"Feadh N "
o \ ’
O\ c,o\c(\“g- xe [-1. 1] CO\o(— -\-B-O'm'& \’eo\/k\i &t ol 8% have some ¥ oy eadh

’
" N ' ‘
1
° ° ° l ¢ °/ . ° )
° 5 ’ ! [ ] ¢ °
N 1  ace==== .‘ [ %)
‘ \ S, PUTTTTINL as * e ® 4 o i
° % [ ¢"~,’ S : ‘|‘\ Se. Rae T S 5
) . A ~ ~
- % . / :‘\ \‘ N [ ) ~ 'l /l ~~~. N I'
/ “ e Y R WL S . _,,._-l-.:_ ° ~ e
— ; o [N " Ve “:‘v" T o Se o™
i~ s ! H
H Voee 1 @Y roY o Ta-i-L A TSP
‘ i v Teed 1 e ‘x' S ® ;’ 4 Y
H ) - '} {
- cm— [ o YL e s Xy @ %
\' - 1 Sao H ® /: .¢:~ """" NS0 A
[y - - k
v \ '\ “'~-.|.--._-A'-;'" PR a
X \ A F A 4
L P S Nt
[ ] "/ @ - s Tm==eT
“ O W e *, e
. KA. PP
~~~~~~~~~ [ J
---------- “
N ]
~ ’
N e |

dO\\\Y\'. \S’ Q.\\ 'X\ of(e '\'\ \\J( ‘\'\\e,\n “discreponcy o7 sef = |#blue ~#rad| e
3 ] %oq\: IMZE ox. ONSEE egancy

we can maxe X \Vi\'e.gf o wl O0) loss W o\'\scre.gomc,y

P\'ocﬁ". _
\/ = towh % Yo neowe St L. ?o\v\"(

NEDHE ;%5:\/3: %’xs 5¢

- ?(LS-D x &\5\\
z A&



Pactial colo ring lemma

(\r\'\a\\-\ueh

rond. ol 30 compules Xe [, 1]“ sV

) 1X (SN < O(Jn

(Y \ewsY)

) )T & coocdingfes ae T 3\{\’

03(;7 MERY; %

Balanced colorin
coloc powds ved /blue st ol et hove same # o eadh

- -
_____________________ ——::,._----..._.
~ ’ Y 4 - ., S~y
o . .
o X, ® ®N e o™,
[ ) rl - “‘ [ ) A \‘
' -
‘‘‘‘‘ - l“"' .~ { ] ,—“‘f;h’-~ .'~~ ]
________ i N et ® ]
e 1 ®° - R o ’
< ] Ly BN . 2 ~ e
AN IR NI
AS ~ -
® N I Nt O N N N ST L K
4 Y oM L P T OO
~e 1 [ J s \x¢ K [ ,o. \\i
~~3 '} 0 [} ’
Rl Ss o2 "(‘ e 7%,
N H O Pal N, "\
[ J ® . [ Rt Vv y
ae ’
R A YA R
N ! L) [ ] N Veana=”
N e o \ ([}
[ J \(' [ J Y Prts
-~ -
\~ ’¢ ~ ’0 ------- N [ )
~~~~~~~~~~~ ~
-------- S ®
~§

"discrepancy o sefl = | #blue — ¥red

%oq\i YWNZE o, ONSEX Rpancy
Xn?\ﬁ: S\’”,SMSEV\_S
p e mox X))
X&i‘ll'\'lﬁs S
whece X(s-.\d-f’Zx-
¥ES: Y

"Fractiona) Oo\o('\ng_ xel1,171"
X, "‘\"\3\;\’: W%\ Z\-€ wheee £=5



Balanced colorin
coloc povds ved /blue st ol st hove same # Sy eady

Pactial colo ring lemma s el e

LT
~~~~~~
~
~

.
' [ J [ ) [y .
N N e ° 3 \
. ~ s” TN
Y "o S ~ ]
. s emm T mNse 1 NN . S S O Ny
- 0‘ X o . . DR RN AN e S W
\ RIBN K4 HhN S \‘ 1 ~~~ '\ —‘_,_-'I-.I.~ ()
4 Sl s @ 1y ¥ Ll
4 Q’l [] N

’ ~ 1 . v ‘E ?’ -° '..'l"'v'--- ——————————
| L1171 o (. S T
rahd. a 30. wmmTé X e B . S. ¢ :‘\ ~~~.“"\.-:’L----_:"_';"“‘ [ J ,,’:"‘?~~~'--""'x Y “\\
“ e Ve VW SN |
— e - SR,
S \ 4 ( I \ discrepancy oy set = | #blue —Fred) Seae-
C0\ ’X (. °\ —-— O V\\Og wminNn ¥ 8'\ %oq\ IIMZE Mo Aisce epancy

(aY \eash) Ln?v\'\'-‘ S, ™ SmEn)

6 holy & coordindles ar Tight = o s

whece X(S;\d‘-%s 2L 3
JES,

Pactial = Sull ‘hg)\‘l’ c.olorina_ (hgherel) Fractiona! coocing A€T147

X ”‘\"\3\\'\": W%\ Z\-€ where =5

Repedtedly watil all x; ‘\"\%\\‘\

(b) 5’§x h/il ’\'\%\\'\' ccore)\n&\'e.sl remove them

Note l'\];\\o%_(hn/;s Aecreases 8eome‘.\'c\m\\~/



BG‘ O\V\CE,A Co\Of w

&
o\ % ved /b & oll % hor # Sy eadh
Parl 1al colo rmg Iemmq c)e‘XO\\\e,c) ) ,‘,’.‘.-‘.’5?..._f i

. ~
°® \ L R ® s ©® o -
e Y, ° %
........... -

‘ ————————— \\ ‘~.~~ .'¢— |:'u. . ~~‘ H

N <, . R . D “O® S

< [ ] Ny A AN ® S e . 4

RIBN R4 ™ PS \‘ Vs, s —‘_._-'I-.I.~ ) ~“/\‘

~ 1 ~

° K ~\ K [} ! AN P \le ':.:__ VLN e AR

- Y ! Y . gl acna=- . 1

4 I L Y 10y 'O 37 1 AW

\ S N BRSOV S (VI

° ~J [} - ~ ’ Pl ’
l. \~ [REETY Tig ','} ~”:_____o 3 ’ ® l“
~ 1 ®.- L NK4 ’
1 0 ® . 1 e - Vv RN
: DL O Y L g AN g
[ J LN T
\ ([ J

compules K€ \.‘1 1‘3 oX. (vl Vigh vrdﬂ .............. Ko

discrepancy oy set = |#blwe —‘t\‘fea\\
%OQ\ MIMMZE  MoX d\scx ceancy

() | oD - %D |< O(\F\\og(m W) NS (1,:“1 nz{ :“J\E:K\xcsw\
(¥ \eusY) whece x(sY‘é’Z X,

Lb\ kﬁk\%’ 5 'X{ s ore Y 3\\'\' "Frodtional colering 7€ (1, ﬂ

X "‘\"\g\{\:\: W%\ Z\-€ wheee £=5

(o wsed Yo adjust Sor Scactione c,o\or'ma drom previons tecalions)



Ran om WO\“< 0\3«\‘\\-m (\\\3\—\@\,&
A= C\Fr\\03(m/n\ Sor consTanY

P*ixel-n] | % ED-%ED £ A ng

s\"A
-

'0"'“
fx(:\’lxsw..

Balanced colorin
coloc povdis ved /blue <t ol se\’s hove some ¥ Sy eads

- ey ” ~ - -y
3 -~ -’ -~ - )
“~ pb

SR —"
s/ o ~
e X, ® . 0 @ s
[ ] Al ) . N
______ N --.-..L,“. ® '__\‘_;& - \
-------- . [y N * ' ~ H
¢ - 3E0d s AN AN on ~ O
[}

e R4 :' PY e .~ AN -4 T ) RS
~ A3 v D™ g -
~od ® HEY HERNIK It T K P )

’~ 1 ® M ,' o . i ° Lk DLl o . :

v 3. ’ v 1. .
"\.L_ Vo KL L xhe S %,
----- YK el AN S e KAY
. “~~ e VW .
-~ I
"'~--|..-.--A-;' AN L
H L 7N e
! I pJ { ]
. > Pt *,
¢¢¢¢¢¢¢¢¢¢¢¢ [ J
s ~ -
-~ L4 -
~~~~~~~~~ ~~~ { ]
.
—-— - -
d\we,?cmc,\, & set = |#blue —Fred) --

ocx\ MMZE oK d\scx keancy
.\ 1\:\?\;\1 S S En)
Xeq], 1Y
where X(S Y’é Z x|

\ %L*\(S \ F(o\d'\om\ Co\o('\ng_ xe (-1, 1]

% ek Wx )\ Z\-€ where E=
Pactial co,oring lemma
xo€el-1, 117 = %eT,41" st
) | %l - XENN< o(ﬂ@m

(&Y \easY)

6) WS 5 Xs ace Hght



A}

BON\ omc.eal Co\Of w

coloc povds ved / L\we. st ol %% hove some ¥ Sy eady

Romo‘ om WQ\\< 0\3«\‘\\~m (\{\a\\-\exeh i

...... - '¢/: -"-- ;:s:---...-"~.
h [ ) ’ ' S o S
l“ Y [ ) "7‘:::‘______'2""‘ ::/ PY R _\:“-w---: ~‘\‘
- | ‘ ‘ N Lemmmn <TTON TR RN
% C “\ (ml “\ %( QO“ s m“ C '/‘(\‘ PY //’ ::\‘ . \\‘ :‘ |': \\:~ :\‘v 3 f,'_ - ‘t;i\‘ .\x‘ :)\:l
g I I Gy S S Y
~~~~-:____‘ __—' '}x~~ 'o' ',‘(,\‘ . K \;\
° ~~~ r ® R .‘ ........ N ‘\’, [ ) K Y
P i 4 V 6 \h""""""_r‘ ° A
Re cN ep—"
- Xe\_'l 11 ‘Xo 3 XLS ______ . o
-------- °
,,,,,,,
"""""""""""" . ®
d\we.?cmc.\[ o sef = |#blue — Fred ==
4\' O %oq\ MMMZE MoK &\scx ceancy
o Tono\OW  w

1(0\ - ‘xo' xu\’ x(’-\, x(}\' e ) (ﬂ e ?

wheve Y T,
'X(ﬂ" L) & o Gowssiom veFoc Srom

o subspace, o5 ®R°

J

thoskn Yo oword "‘\'.\3\\"( se\s
 Hight coordinates

, mm mwc \’){(S\
Goul: xes], X \
whece x(s Y‘é’ 2 x|

"F(o\d"\om\ w\o(\ng_ xel-1, 1]
X, "‘\"\3\;\’: V%) Z\-€ whece g:-‘v—_;
Pactial co’oring lemma

¥oel-1, 11" => xel2,11" .
@) |15 - KD |< Oy mm

(Y \ews)

6) helS 5 ’X s o T 3\\'\'



Two lemmas abowt Gauwssians,

g

@ Soc Y"'N(O, 61)) P(Y \~M\2 ’/\6‘\ <Je -A/2
@ \ey \(‘IMl\(T e where o each ay
\(‘\'\‘\'..rw.‘(‘_\ ~ N(O,62) %o 65<)

Then  PellN +~r\2 AT ) < ~ o= X72



Ba\mnceol C,o\o(‘\r\
cdloc pords ved [blue st ol se‘\’s \rwe, same. ¥ S each

Ro\nolom WQ“( 0\\3«\‘\\-«“ (\\\3\\’\Q—VQD T TN e

“
4 ~
° o L ' ® [ ] o -
......... - ,l" ° ® o - %
- ~
........ AN DO Al 4NN S
( - . ><~, SO IY @ 7o X ] O
LIS . - .,
< E ! vl \~~ ‘v—"f_ ':-7'.\ [ ] s)(/\‘
| L I - [
’ e “ o 1 ' ‘\: ® -~ :.."lt"w'._--: ---- N
S /s ® \x¢' /O ¥ K N
~ ’
_______ 4 ___¢ '} L ’,‘(\ o /) }‘
. e f ° RYK Boatblids \hW @ N
4
~“~. ] S W ’
LT S L4 AN Lo
’ N [ ] .’ ‘\ _______
’ ts N ®
® > .-’ *,
.........

S A v D St
R x e ‘ d\w;;;é:\, & set = |#blwe —&mo\\ p—

%OQ\ MMMZE MoK d\scx e,po\ncv

| s e 1S | <%
o \)G,[h'l \$ '\'\%\'\“ \‘)’ \7‘3 \Z\ f. (1:;“1 n}; 3“&2:1\7&(9\

© s g e AP0 ZA-E st XSHEZ 7,

) ~ "F(o\d’iov\a\ Oo\o('\ng_ xel-1, 1]
&SQ' 5“559 O\C-e ; X, "‘\"\3\:\:3 W%\ Z\-€ where &=“F;

Pactial colo r'\ng lemma

\/Ls \\ =0 )+ *\%\\-‘ S"’ x4, 11" = ke, 11" o

) | % - 26D\ 4 o(\l‘n\ogtm/“\\

Y= O XN ‘\"\3\{\ e S

(6) M\% 5 ’X S o ‘\'\é\\'\'

\(Lﬂ: \/E\R“ -.

Two lemmas abowd Gowssions,

@ Soc Y~N(0,6, Pz as1<2e
@Y, ~ 7R W/ \(r\x",wm_\’b/‘( (0,63) Suc 652\
then PelN E-1 512 AT 1 ¢ 2772



Ba\mnceol C,o\o(‘\r\
cdoc pords ved [blue &t ol se\’s \rwe, same. ¥ S each

Ro\nolOm Was“< &\SW\‘\\\M (\\\g\v\MD T PN,

v .
|‘ [ 'I \~‘ l\‘ ', ) \‘ s\
h — - 1Y
L i ., --"'“‘~~ ([ ] ¢"‘l'¢"‘—:- R ]
P L hL Pt 1 N P ~ , r o S I
= S\ e+ R A NN SR SCRNy
RANEE e 1S LA SRS Ao HV S % o ¥
’ ~ ’ s 9 Y ~ Ve I ~, '~
’ S r @ 1 v AL ! SuL¥ 1 PRt et
o Y PN IE JPPtal TV S SRR Lo
Yo H 1 . PPl BT ST S
~~~ [ Y S [ . ® ¥
S~ \ P4 3 O' ‘(\ [ ;
~~--‘ - oo - 4 .
r 1 s PR ’ @ 7
. o P oK Peatll \ ‘\’, S
Y , - Y 4
< "'~--|.--.--“;" X 0 \
I @ TN Sveenner” )
’ - 1, PN == o
"' _—" pJ 1
o \ RN TP e > ) H
heS A - ‘~ H
~~~~~~~~
........ e /)
-

d\we,?cmc,\[ & sef = |#blue —Fred -
%OQ\ MMZE  MOK d\scx ceancy

"’mke, Candom  walk Topil: S, Spmelnl

- \ ﬂ n O
'Xm “Xo ) ‘/‘L\ / ‘xm, 'K“\' -, ¢ € ? Goul: e $-141% s Il
whece X(S Y\é 2. ’X

whexe W T, A n
X, "‘\"\%\{\": \X\\Z\‘i whese &="F'\

'X(ﬂ"' L*‘D \5 /N GM\% VQC:‘O( STDY“ Pactial co’or'\ng lemma

soSe subspoce Y %€l 117 2> xeTa,11" o
) | % - 26D\ 4 o(\r’n\og(mm

Y (a¥ \eusd)

(4
5032. S\A‘O.':p ace . ©) holT 5 A5 ace Yight

YLﬂ—{ eR“ \/Ls\ =0 % "V\%\\" S,,
\/ =0 ‘\'\3\'\"( Aefvﬂ



D

‘e
(5032. .S\u‘osp oace .

Ba\mnceol C,o\o(‘\r\
cdloc pords ved [blue &t ol se‘\’s hove same ¥ Sy eadh

___________
. ~ . N mmm——
’ RS e Seea
. ~
~

¢"
’ . S e oty N
1 Q LA . ~
H [} 7‘\ ® \"' - e A ® [ ] ~“s
\ ° AN AL [ ‘ s
\ s POt ity 5 ® _-rnerms
,,,,,,,,,,

~ - > ~ [}
‘\ 0 . R URREN Ragi ol NENR O
CoRd N . [ ~ 4 4 I J .~ 7
X e o i RN DN ! 9 /
’ N ’ s L W RO LS ok O ® v A
s ~ S e S [ J Yo ° RIS B S e 1Y
4 ] -~r 1 -
’ ~’l~ : “ 'l. .1 ',4 ';..T-IL’I ________ “ '
- ! L%, 1 @ "\ ’ \x¢ ’ [ ! N
= \ n { N T SO AL X
H * \ r K PPiallllle LR ) 7%
[ ] G G
1 1 #
[ ’
1
1y

-’
-
‘‘‘‘‘

~
§~~
LT Sy 37

» R
¢’ S -
-

’
~
~~~~~~~~~~~
--------

L“ \sUrepane seV = |#Fblue —Fr
Sam\\:\mg o Gomesion Vedloe Scomw Y s — o vt

%OQ\ mw\\vv\\u max d\scx e,po\ncv

Tn AT S,, S Sl

let c, ™,% be orthonormal bosis o5 YO oo ngf 5 \7;53\
whe e X(S\dé X

let U= [C‘ \C,_\m-\c“ G,Rn)«' "Feactiona\ coocing A&, 11

X, "‘\"\3\\‘\"3 W%\ Z\-€ where €=

ParTioJ C0,0 r‘ing Iemmq

K
SQMP\Q' 3’\' N (O’j) %11, 117 => xel1,41" o,
N za Y ,Q‘\'-- G @ |15 -K6D < OLIege)
cdun Ug eR? U757

(&Y \eas¥)

() oS 5 ’X S o -\-\é\{\—

Two lemmas abowt Gaussians,

 Soc Y~N(0,69, Pl iz As12e ™72
DY~ R W/ \(’r\*f.,»—m_\"'/‘( (0,6) Ssc 65<)
Then PelN +~v 2 AJT ) ¢ 2e-%72



V‘ e‘gﬂ . samphn 2 a Gowssion Vedoc S’(‘om\\’n:
N o G, ™, % orthonormal bosis o5 Y(ﬂ

Leyama: TN < v us [efaf-leeB™

Samp\e. af» N"(0,2)
k()\-‘\h\'-’- {C, ,V>

returm a. eR"
Vo V4 V“

\

W ° —‘2’_}



% G'R'\ . 5°"‘P“"2 a Gowssion Vedoc S'(om\\’m.'.
! ’ C.'M"Ck °f'“\ohorml bosis &5 Y(ﬂ

Lemmo: 1T 1 € 11w\ 0= [alal-leeR™

Sample a“' N*©09)

Lemm('»'. <V'ua> NN(O'G'Z) \V/ 615. “V\(l r&turn S_GW\“

P(’ooS': )
Ly U7 = < Uy, g7 = <6, 377 N0 b0)

W,
b

2 2
e = AT 2 \W\



Ba\mnceol c,o\of\h
coloc pows ved /blue st oll et hove same ¥ o eadh

RG“J om WQ\\< 0\3«.\‘\\"m (\"‘3\"\0‘2‘\3 P ST ",::,_.---’*::\' .........

v . 0y ~
[ [ RN ALl [ ‘ \
- ———
\ =" ., ---"“"~ ® ¢"‘|-¢"‘—:~ S~ H
' “ amm———— e Y i |\‘ ~,~ / S O N
° (e a2y} AN : '. ~. @ AN G . g
C ‘ ‘ o “ s m“ RN ™ Y L N R SO YOS S 2 L IR,
4 he 4 v SeLP I -
~ L} - -
‘’ g ° 1 N\ ) i g Rad """l-l-vl._- ————————
S 1 \ X ) d ® !
~.~ LY ’ W Yo y
~‘-l. (Rt oo’ 5 ¢ Ve s I
.... o e - LS [ ] KA
hS [ ) S0 L e .
[ J . ~~. & "‘,4 v W S \
"'~-.|. -------- A St %
oy [ J R v tmmm \
L . 0y [ ] '
’ "I - AN H
- o \ / """"""" \ ® :
~~~~~~~~~~ heS Y ’
~ - ’
~~~~~~~
-

d\we,?cmc,\[ & st = |#blwe ~Hced| -

-rmke— (QY\AOW\ WO\k %OQ\ m1 V\\W\\‘.L: v;ux &\SZ( e,pw;c_\%
NPW ~ Sm&ELn
vx'(D\ =X, XL“, -xL‘L\, 'KCS\ —— (M e? . e x|
) / Y

xei—lﬂ.‘s
wheve Y T,

vihere x(sY’éZ %y

"F(o\diona\ Oo\o(\ng_ xel-1, 1]
X, ! W\ Z V€ where =
\ % \ Ca)
‘x(‘\" x “"“ _\— 6 u(.\') (ﬂ Pactial co’or'\ng lemma
%- ‘)(OC\?:]- 1]“ =7 Xel], 117 &
) | % - 26D\ 4 o(\l‘n\ogtm/n\\

(&Y \eas¥)

where, columns o WP ore ofthonormoal  © 1 & 1. wee s
: Q) YED=0 ¥ Hight s,,}
EO\S\S OS \ft‘- :{Y R“ \/ 0 ’@'\'\3\\'\ AGIV\“

0= &/ 1, G~ K™ Soc = DY)



BON\ O\V\C.E,A Co\Of w

P’ixe\-'l 1:\ \‘XQ(S\ XLS \\ < >\ V 6 ‘S Coloc powds veo\/ui <k a\\‘ se¥s \:\we, some ¥ S eadh

........
¢‘ Sl Re \ Re ____ o ———
~ Sa

.
° o [ ] " ® ® [ ) o -
Y - Ay
_________ o T S O dpelT Y
,,,, Y RS NN ’ , NGO N,
DR N RN _0 N by
\ 2 oao s NPT el ) ® v A
* - O . @ LN AR ST I AN o™
> 1 Ay - 1
1~ \‘ '.‘\: .,¢' :...T'l'7' -------- Mot
o ’ ~~~ H . Y J Y ,* /O 1% 1 s
' LR S Pt ag ,}x“~ /' ,"( I\ ° ./ ;\
hS 1 H [ ] N ) Praf EEL AN 0l ® I' S,
i ® ® .. H B Pcas ‘\\' N
‘‘‘‘‘‘‘‘ SN ’
L A R S Nt
i ® N Seana

1
- X | ' "
s 1 v ) PG
\ N v v -7 . ®
£y [ J \( [ J » - '~ 1
S RaN S Ve N @ ]
~~~~~~~~~~~~ AN H
———————— *s ’
§~ ’

d\scxe.?cmc,\[ & sef = |#blue —HFeed)
OQ\ MIMMZE  tMoX &\scx eancy

Novm, 1§ xED e? then 7@3 eV Wi\ Jp = T Smsastn

, mm mwc \’)((S )
(w! k\g\\ prdoa(o\\\*\b Gl xeil '\'1’3 \
whe e X(S \O\é 2 'X

@ 1—\\3(
( S -) "F(o\d' ona w\o(\ng_ xel-1, 1]
Ay kY V%) Z V€ where £=5
%( L*“ (53 Pactial f\o’or'\ng lemma

3 \N\/ %oel-1, 477 = xeT1,11" X,
b ‘ﬁ. )( (0,< j) SIFRHEENE o(\r"’_n\ogcm/n\\
, &

(&Y \ewsY)

) WS 5 ’X.s (R ‘\'\3\\'\'

LN\/ Two lemmas abowt Gaussians, ‘$ .

D Soc Y~N (0,69, P11z 612 7>

Mol n) @Y, ~ Y7eR W/ \(T\‘f\."'.\(t-\NN (0,65) Suc 65\

\/V\_/ _\,\‘e“ P‘-[\\(|-\-m-\-‘(.‘\}_ ?\ﬁ.xé 16_7\1./2



N (o %)



BON‘ O\V\CE,A Co\of N

P’ i Xe\"l 11 \‘XQ(S\ XLS \\ < A V’ 6 E coloc Powds ved /L\is\- q\\‘ ie:\'s -\:\:»/e, same ¥ ¥ each

mm———— -
" b ~ -
~ e
~ ~

~
P [ I e ° * s © o
7 [y
- v - Y
1w .(. Yo ° __\‘_“ s~ \
g K - LIRS ~
------- , Y [\ ~ , r ~ ~ I
e oo IN @ s O N
— ‘ ( . AN . :__‘1, o W
* - / 2 . @ vy : Sy ‘v"—'l. 7 "~‘ et
-
O K Vol @ Sren iy ) x et T
o ’ . N 0N o0 e YT A
. ’ )
Sas I 1 ’ e 4 & ey
~ ’
' ’ R RR ROt T /l} ool -—"‘(\“ ./ [ J l;‘\
——
[ [ J “~~~ ! [ "; ,,4' \“\,
.... -k ___A-,' .
T ° el

G
H EEAY
[} % ‘
' -~
- % Nt ) R T A '
, s/ v I pJ { ] '
Ly Y ' @ X Lo \ '
S A ’t(\ S ST NN @ H
- .
~~~~~~~~~~~ ~ . !
-------- ~~~ "

d\we,?cmc,\[ & sef = |#blue —HFeed)
oq\ YOWNZE o, ONSEX epancy

Mifm. 15 a8VeP Nen AP Mo 7 Tew S

\ mn mwc \’){(S 3\
(vl hioh Pfdoc.s\\mb xe§-1 1Y%
vihere x(s \*" 2 x|

"Fractiona) Oo\o(\ng_ xel-l, 1]
X, "-\—'\3\{\’: W%\ Z\-€ wheee £=5

Whion bound =7

Pactial colo ring lemma

!
0\\ 7(( ‘. *. x(T) EP W/L/P 'XOC\?:]- 1]“ = 'XEY-l 1]“ &
) | 16D - X< O(Wn\\

(&Y \ewsY)

B) halT 5 X's ace \-\é\;\'

Two lemmas abowd Gowssions,

® Soc Y~N(0,6%), Pl iz 6] e
@Yu l\(T eR W/ \(‘\’\‘f"m—l‘(t_\ N(O, 6-\- ) Soc 6% 5\
then PN k-1 512 AT 1 27772



BON‘ O\V\CE,A Co\of w

Pri’)(el-l 1] | %o(5)- XS5 \\ CANSY e @‘{%}%ﬁ o b et

.......

------

~~~~~~~~~~~
~~~~~

.
PR [ ] " ® N o e
L4 * [ N \
—— -
-------- ,“-.~ o __\‘_;& ~.~~ A
-------- (LIS G ' S LS 1
0) = {] T- <" . RN N
LI BN ~ -
Y - . W
* e — OL\/ 2)) . ® L ARt 7’~\ (] 2™
> 1 - |
i .“ R e N
‘ ) NPR4 ’ (-2 7 1
’ Sso I 1 ’ e 4 N h S,
S~3 (Ptad I SO W 3
ANt PO W o~ e .
AN H r ) N PPal Ll “‘\ S @ A
l o o Sen 'l ''''' ' \¢ R \‘
R TR £ oy N L
H @ N Thealae-

- X ‘ x
1 1 4 H 7 R .
\ kY s v Ptie AN e
h2 o X g > - . 1
i RS RS TT T e h¢ [ ] 1
Ser et sl ‘s I
------ H
———————— . “ /
S 4

d\we,?cmc,\[ & sef = |#blue —Feed)
%oq\ MMZE MO d\scx ceancy

( O\\ _x('\. -, 7.(1.) EP W/k/P Ln?v;T S, ™ SmELn]

m\n mox \'x(sj
Godl: xe$-141% \
where xcsv‘éz %y

goa\ Show hal§ 6 coordingles w ,,
Fradhiona w\o(\ng_ xe -1, 1]
%LT\ Q(‘e' ‘\'\ %\\‘Y X, "‘\"\3\\'\": V%) Z\-€ where £=-5

Pactial co,or'\ng lemma

xo€el-1, 11" = xet-1,11" st
Idea: o g_wa. \\ 7(«\ \ L a_ sthhecwise @) \zﬁw x| o(Wn\\

O by & %s are W é\;\'

Two lemmas abowl Gowssions,

@ Soc Y~N (0,69, P11z 6142
@Y, ~ 7R W/ \(T\x",wm_\'\'/‘( (0,63) Suc 652\
then PN E-+ 512 AT 1 ¢ 27772



BG‘ O\V\CE,A Co\of w

P’ i Xe\"l 11 \‘XQ(S\ XLS \\ < x V’ 6 E coloc Powds ved /L,\\;a—es\- a\\‘ ie:\'s -\:\:»/e, same ¥ S each

" b -
” ~ -
s Sea

~
~ [ ] " ® N o e
.
® , N [ ‘ - \
I asemmm—— .(. | 58 P __\‘_“ -~ 3
> ., - " .
.----. 4‘, . o Ss * H ~ « 1
. Ay A ~ ’ e ~ . .~ 7
‘ * \//2 ( . AR NN doaid o, W
-
- / @ M ‘\ : ~~“~.,‘|»"-'I'I ,' ,.~s )(' T
N HER W JPtas TIo S St L
™ .\ N i o
~~ | Y ’ x N ’ Y
e S e o P 47 X\ @ .
AN T N g R T [y pS
P N e N
-

~ 2 ‘¢
el ! S
bR T T ]

H RAY

1 X4 ‘\

- ' 1 ~. - \
* 1 1 I H 7 R ey L Je—— \
\ ( , 3 l’ Ly ll Pt o, [ ] '
s [ ] 3¢ e % .- N '
\~ ’O N ’0 ------- \‘ [ ] '
‘‘‘‘‘‘ ~ ¥
~~~~~ ~ H

------- ~~~ "

d\we,?cmc,\[ & sef = |#blue —Fred
%oq\ MMMZE  MOX d\scx ceancy

( Q\\ ‘x('\. -, 7.(1.) EP W/»\/P Ln?v;T S, ™, SmELn]

m \ﬁ W\OX \’){(S ) \
-"_,\ Godl: xe$-1 1%
where X(S Y’é’ Z x|

da\m F{“'x(‘“ \\ ] z 8 24 E[A‘\W\ C(cﬂ)-\ "Frachiona) w\o(\ng_ xe -1, ﬂ

‘ﬂ X, "*;3\«‘: V%) Z\-€ where £=-5
2 % TE{ A.\m(\(( \‘\ Pactial co’or‘ing lemma
xoel-4, 11" => xel1,11" &
) | 16D -xENIE o(\l'n’\sg’(ﬁa\

(&Y \easY)

6) halT 5 X's ace ¥kt

Two lemmas abowd Gowssions,

® Soc Y~N(0,60), Pz As1<2e
DY, ~ 7R W/ \('r\\'.,»m_\"'/‘( (0,65) Soc 65\
then PN k-1 512 AT 1 ¢ 27772

-X/2



Balanced colorin
‘x‘(-"\ x “"“ -\’ z UL*) %(-ﬂ coloc pors ved / B\i st oll 5% hove same ¥ S5 eadh

emm——— e P Shemm——n
»” Say +»”° . . ——" < Seeay
~ ~
~~ ~

" [ ] R AL o Y \‘
. Lam==v, A ol TN @ -AprlTTRN Y
A3 o m——— e . [ VRN Q td S @ N )
Se” < . oy, ~ ’ ) ~ ~ 7
- X e ~}' AR AN \d AN 2 N 4
AN / i@ PR AR SRR W by 1'~\ ® A
R SR B \ o 3+ Voo POt A}
. ~ roY [N I SPtagl LT N 3 fomm =" i
’ S~ 1@ 1@\ L 'e [ 7 .1
‘ : DY 1 @ 5 3 ,.* ’ W ; .
H e . ’ R4 4 [ ]
AR DX (s '} el S _,‘( vO . ;‘
. ' r R Pal LIS N KA
[ ] ® .} [N ) K e Y PARY
DTSRt oo A e \
‘ i T oy ® TN Nveanae” '
N v -’ AN - ([}
A) [} \’l ‘_,4 \
% S PSP

‘\ i 3 o% ‘Y = | #¥blue —¥red) \“"-"'/'
> ¢ T \:_{o\\m(‘(‘ \\ ”‘i;;\" f ol = e el

17\?\,3 S ~— Sm_[\r\_&

? " Gl m\n mwc \’)(LS\\

1 xeil -\-1‘5
F(o\diov\a\ Oo\o(\ng_ xel-1, 1]

“,x(‘“ \ ‘1 “ ’x ‘\\—‘- % ﬂ\\ where x(s\déZ X,
X, R W\ Z V€ where £=15

1w
“fx(*‘\\\\ ‘\'é’ (H\ éu('t\ L“\7*' \\ ¥ H)\par'hql color\ng lemma

'xoc\_-fl 1]“ => xeT-1,21" <X,

%F Y“‘AC“ (‘\'3\\ “ % 1= Y\\ 'ﬂ\ 1 @050t D1 OLRegmin)

) haly & %s ace Yiakt
o ’
éz d d ) Two lemmas about Goawssions,
N0 ® Soc Y~N(0,6%), Pl Mz 6] e
@Y” ,\(1 eﬂ ‘N/ \(T\\{\.Ml\(t-\,b/\((o' 6'.\. ) Soc 6'-\- 5\

\(t"ﬂ { o, YOD=O X gt S QL PelIN -1\ 2 AJT 1 ¢ 2272
TYy=0 N TGR eln)



\ft\'ﬂ:{\/eﬂni

ysDd=0 ¥ ‘\'\té\\\'\ S,
\/\'): O N ‘\'\%\\'\ 'Qem

Balanced colorin
coloc powds ved /blue st ol 56t hove same ¥ oy eadh

____________

K4 SR A N
4 -, Y
i PR [ J PR ® N o Py Sao
\ L4 A L Y S
N v
by A T L LT S - T st L L Ay
AN - 4‘,’—‘ . l.'.":.."~~ .,'_ ‘-;“—*~ .“~‘ :
>(¢— ¢><~ H \‘ 1 |'\~ RN " ,¢' ~~~ \\/
20 4 1S LY T SO $ FEELELS C ISR
0 ~ ’ s 9 Y sol Ve I ~, LR
Y2 A ® 11 1 v 1 ~ ¥ oy ~ _,\4
! ~d S Vosa @ trel [y (ST Aa G |
’ Yo 1 A 1 ® A Y] R4 1 Tbyemma=- A
H (AL YO \ ’ \x' ) ® 3 K i
~ 0
' ‘\ bl T RS ,} oo’ PRI ® , ;‘
H AN 1 r N PPal Ll NS e RN
1 @ o . 1@ 9. L% AN
[} % 1 L \ SN
[} ‘~-.|.-_.--“, N .~ ’ \
3 ! I [ J POl NEE PRI 2 \
Y \‘ ’ 1, e \‘ - . \
N [ J v/ @ Y PPt \ [l
. ' O mmmm==" AN PY 1
- ’¢ \~ R4 ~ I
~~~~~~~~~ . ¥
———————— ~ [ ] "
nd, N \ ~ K
scrego saf = |#bue ~Feed] e '
\ (4 “C\l < \

%OO;\'- AYOWMZE  hox ONsex epancy
17\?\,\1: S\”""'SW\S[Y\_S\
Gogd: M0 Mo ’){(S-\\
\ xe$-1ny S ‘
whece X(S;\d‘-%sz.')(-
S O

"Frationa) w\cx"\ng_ xel1,11"
X, Wkt W\ Z\-€ where £=5
Pactial co’oring lemma
¥oel1, 11" => xel-4,21" <.
@) [ %50 - XD € O(ogmin)

(¥ Yensk) NS

(b\ ko‘\qj‘ S5 ’X-: s o2 T\ é\{\—

Two lemmas aboud Gowssions, 2
2

® Soc Y N(0,6%), Pz A6)<2e -
@Y, ~ R W/ \(r\x",wm_\’b/‘( (0,63 Ssc 65<)

} Then PelN +~v 2 AJT ) ¢ 2e-%72



BON‘ O\V\C.E,A Co\of w

P’iXel_l 11 \10(53 XLS \\ £ x V 6 E coloc Powds \’eo\/l:\i st q\\‘sas \:\m same & o eadh

__________________
'4 . ”° ~ R pmme R T —
-~ ~
§~ ~

S .
o X, ® v ® o ¢
' ® AN AL [ ‘ s
'—"_'\-- ol T @ -rarlTTeN '
----- . B DRRCN * PBABREN 0
" : N1 s, @ S @ N/
(V) - \ ,.».. \/q2 S AN N A R R Y
Voo NPT LT UL 8 ~ .
/ . @ Yo Sse et 1 et
K Vosa @ treln [y [Pl aaN
Y Y] PLAE-ALL Ty S AT ]
o ’ ’~*~ H . . ;e )xé' SO L K \\i
~ 1 . 0 ®
~4 (W ~ ’ X .
‘ 1" ==p=- } ~o2 AR A
hJ 1 e mmm=®” Y [ ] \
[ ) ® <.} 1 @ '/, ,,—’ === \“\/ A
-~ I ’
LT S ] ® R At
.....

| - \

1 I3 1, -, Y

‘\’ ‘\"“ (ﬂ (i ) \ o e N .7 . °
- x + " RN RREl i N, @ [

- ‘ "

d\we,?cmc,\[ & sef = |#blue —Fred
%oq\ MMZE Mok d\scx ceancy

( O\\ _x('\. -, Z(T) EP W/k/P 1“?\&T S, SmELn]

 van mox | x|
' xe$A Y

LRIz TR e

"F(o\c‘f\"\om\ w\o(\ng_ xel-1, 1]

C\Q\m: Q%Te,( T '\'VQ"&‘ \ 0¥ 5) : ’)-{r‘ "'—\—‘\3\\',\'*: _\X\\T\-i where =5
arlial color \ng emmao
xoel1, 171" = xeT-1,11" s

EY ﬂ -‘—&\S) 7(\ 61-\—) n—EI SQ_\’s\'\T) @\zﬁ\ R O(Wn\\

\)e B) WlT & %s ace ¥ g‘*’f

Two lemmas abod Gowssions,

@ Soc Y~N (0,69, Pz 6142
@Y, ~ 7R W/ \(T\x",wm_\'\'/‘( (0,63) Suc 652\
then PN k-1 512 AT 1 ¢ 2772



-
‘

clowm:
m o5tec VW
E’ . \ Q(‘&V\M\
g | E Y
[\\?‘( \\‘X > S"T C) I( se-x?s‘: A
P ' \m(\(a\) |

> <5 -
2§\ (
n
(1‘-\' ‘\\3\\“56\) -(#
At LQ)

iCh
§9) 2
CRIAN o
i ) <
2 (\-45 -
o — (T S
\%\m‘k S) |






BON‘ O\V\C.E,A Co\Of w

P’ i Xe\"l 11 \‘XQ(S\ XLS \\ < A V’ 6 E coloc Powds ved /L\is\- a\\‘ ie:\'s -\:\:»/e, same ¥ ¥ each

mm———— -
" S ~ -
~ Sae
~ ~

[ £N O
o [} K i) P “ [ J [ . .
..... .(. | %4 KY . Y
bbbbb ., T @ o=l ~ 1
—----. 4‘, . [EEAUREN H ~ 0
,,,,, Y 1 |\~ .~~ 4 ,O' ~~. .~ 7
(= \ 4—- \/e2 e N RS 7 S A {
1 -~ -7y ~ '}
- . @ T P S B VA IR A
S A Pl LTS Sy -
O 1 .\ reN T e VT N
’
See I Y ’ e 4 & Y
' ’ RS R o }x“~ o o"(‘\ ° Q ;\
H r N Piallllle N4 [ ] N
[ ® .. [ e /i VW
-~ Fes
L O LT SR ) A
== 1 ) e )

f RAERY

[} X4 ‘\

[\ N .

k NS ) (R TS '
, i s ll Pt pJ [ ] '
s [ ] 3¢ e %Y .- . '

AN RN RASLET T AN ) H
‘‘‘‘‘‘ ~ ¥
~~~~~ ~ H
------- ~~~ "

d\we,?cmc,\[ & se¥ = |#blue —Feed)
%oq\ MMMZE  MOX d\scx ceancy

YA\ 7(“‘ ~. xNeP W/\n/P P G e

MmN MOo( \’){(S )
Godl: xe$-141% \

‘/E\ ﬂ -"[3\-"*)-7(\‘61-\—) n—EI sds s W

' Frachiona\ w\o(\ng_ xel-1, 1]
X, "-\—'\3\{\'*: V%) Z\-€ whece g:-‘;-\

Pactial co’oring lemma
1 w%.el1, 117 => xeT-1, 11" .

SQ:\’.S () | o) - XS E O(\Jn\og(m/n\\

©) o)y $ As are Wi é\;\‘

300\\ Bovm&\ EI

Two lemmas abowd Gowssions,

D Soc Y~N (0,69, P11z 6142
@Y, ~ 7R W/ \(T\x",wm_"\'/‘( (0,63) Suc 652\
then PN k-1 512 AT 1 ¢ 27772



Bou\mnceo! c,o\or'm

- . a_
P; i Xe 1'1,1:\“'. \ 10(5‘5 - XS 'D \ < >\ SVL 6\3 °°‘f_‘__‘_’_‘“__‘:‘ff e / Uv&a’r a\\ sevs :\:m some ¥ 6 eady

.......
~~~~~
Y

I' ~~~ . o
~
! ° PR [ " o S e

DV 1 o dgmmmmn .(. v :\ . ‘

| S " o, o .- Pl ~~~ '

* amm——— e . o Ss * H N N

. e” ¢><~, . [N o RS o ~ 7

<0 N Novr . - °o " W

2 S ’ S [N S PO L L5 . S e

- - BAEE SR S Vova RIS BN el
— ¢ ~od Y H s [} POt LT N A s 1

7 A 1 1@ L 'e | o dulalaly- o

g Lo, 1 @ 5 3 ,.* ’ [ .

‘ , 1 ’
' ’ 4 H AR S S }x\%, —"\(“‘ ) Y o :;“
-, -
e o .. IS P W
*****
LT MY Ly s
[} s
[ .

’
N
[} e Y
[\ N .
- k NS ) (R TS '
, U \1' I pJ [ ] '
S, [} v/ @ > - N '
- ™ /(s R T s N @ i
.
~~~~~~~~~ ~ !
""""""""" ~ K
S 4

”d'\sc.re.?cmc,\[ & set = |#blue —Frad)
%oq\'. YOWNZE o, ONSEX Rpancy

‘{ O\\ 7(('\. - 7.(1‘) eF ‘«I/ k/P Topdl: S, SmEIw)

S omin mox x|
ol xe$-14% S

- . 1 - : -‘ 1 e
/ tt -"i \'\*) S ___L Nn— I(ﬁ *‘%\'\ ) wheee X(S)= ,25'.7(5
E\ ;)e&-‘ i (\ 62-‘) E SQ:‘S S.‘ 3 "Fradtiona w\ov'mg_ 7S [-:e 1"
X Rk k) Z\-€ where £=15

) g ﬂ 'V \v\“ 1 < N Pactial co’oring lemma
dmm‘. E ( SQ.\:S%S' - "LT w1, 11" = xel-1, 11" &,
' ) \'XO(S-D = %) \ < O(\}n\og(m/ :\}

(Y \ewsY)

O holT 5 %5 ace okt

Two lemmas aboud Gowssions,

@ Soc Y~N(0,69, Pz As1€2e >
DY, e e “/\(’r\*f.,mm_\"'ﬂ (0,65) Soc 65\
Then PelN +~v 2 AJT ) ¢ 2e-%72



A = 18N Lo B @

Ba\mncea! colorin

Coloc Povs ved / B\i sk ol 6% hove same ¥ S each
-~ . : S
. £ Xahr\
Aowm: E

P
v S

g ——
. - -
, . . - ~~\ .....
e > ° hvd O“ ® - [ ( ] RN
° S K '\ .
1 AN I:“ K [ J :‘ s
Ly I ouldemmm——— Voo @ edeaemmmea
A - 4‘:’— ~ [\ .~"~ ®,- ‘:’“‘“ ~~s :
(S e ¢><~ H . [N ®o° 4 o ~ . !
< e - Y RN B . o
’ 270 0 ~ (Y HIAN L e X
N @ v oLt O WPtk iy 2 N
a K4 o [ ] A VN e eyl S Pt A
(J ’ 'R el e N LT ol DY JOAREE St by s
; M . ’ V1
Q H LR H s W, ’ vie )/ !
! ' SRS TS I St A A
H 0] gAY
[ o .\ 1 e S QT VS G
[} el H S W Y
[} b T S Ly S . \
) I3 1 P A -’
K \3 ) PR e )
‘\ B / \,' PR Y o
® i h4 g Yoo =T S H
AN 4 R PY !
~~~~~~~~~~ s\ !
~~~~~~~~~ ~ [ "
! 1 = S 4
= - e te
discrepancy o st | #blue — Feedl -

%oq\'. YWZE ok, ONSEX epancy
17\?\,\1: S, ™ SmEn)

.o mox | K(S)
Goul: xe$-11% S \ \

whece X(S;\d‘fsz.')(-
SV

“Feacfionol w\o("\ng_ xef1,11"
%, "Nkt W\ Z\-€ where £=7
Pactial co’oring lemma
xoel-1, 11" => xel-1,11" <.

G) \'XO(S'D - %) \ <o\ h\og(m )
(oY \ess)

NS,
) bl o5 As ace Kght

Two lemmas abowl Gaussians, .

D Soc Y~N(0,6®, Pz As1¢2e >

DY~ YreR “/\(‘\’\‘f\.m,‘ﬁ_\"'/‘( (0,6) Soc 65<)
Then PelN +~v 2 AJT ) ¢ 2e-%72



Sah?“hg o Gowssvon veoc S'com\\’ml
C\, ™, % orthonormal basis o5 Y

U= [efaf-le )R
somple g~ N (0) ;
returm a E

N eR™:
Lepmmon: || l.A“v W< ivl
Lemma, <v,U X ~N(0,6™):
wl 62 \W\\* E



Salm\:ﬁhg a

i ¢, "% orthonormal basis o5 Y(ﬂ
E U: [C\‘(’).\"“\C\«. eW\nXK
i Somnp\e. a

Gomssion Vedoe Stom ~ %

~ N

WeR™:
Lerma: || u-‘v ||\
Lemmar: <v,l)\a> ~NX(0,6%) E

W €W

Ba\mnceo‘ colorin

........ -
~~~~~~~~~ '/ ~ o —"____,,__---.___..~
A 5 e PY ~
o X, ® .. N0 @,
\ [ ] AR L [ ] [y \
Y 1 == .'L,". P __“_“__ “
> ~ - ks
£} e e® T o o Y ~ H
3¢ - 3L,y [ ~ Re1 ) S
’ v
K :\ N v ! v . 'I-.:_~ ° R
. @ LN RO \
@ . 1 . [ ) -y~ [ 'l ___v\ '
’ 5 1 £y ] S ',f HpGLT T SEANS TP . 1
S~ [ J ® ® ;o i
~~~J - % —‘—’ x ~o o’ ,"( M ® ! ;\
. r B P [N Y AN
o ® S\l H o i ias W o
DT C) 4 as !
' T 1 [ ) LAY - -’ \
v ) PRGN - X
AN v - . () L
[ o S -
< . - :
------ . H

ss ’¢ Seal Lt ‘~
P < ~~~~ ® ,l'
d\we?cmc\[ & set = |#blue —Fred) Seanae?

1“?\"1‘. S\s - vSW\ S [“_S\
MmN moxX 'x(s.h\
Gonk: e $14% S
where X(S;\d-_%s 2L x 5
N

"Feachionol w\o("\ng_ xe1,11"
X R W) Z V€ where £=15
Pactial co’oring lemma
xoel1, 11" => xel-1,11" <.
@) |1l - x4 O(W’;‘B

(aY \ews?)

) holT o5 As ace Kght

Two lemmas about Goawssions, g
2

® Yo Y~N(0,6%), Pz As)<2e -
@Y, ~ 7R W/ \(r\x",wm_\’\'/‘( (0,63) Suc 652\
Then P“U\(|'\'”"\'\(-‘\?_ AJT V< 13’7\1/2



Ba\mnc.eo‘ c,o\or'm

\Q.-\- \(-\' 7‘(“)(.5 ) - ')((*“\ (5 w coloc pors A

-----
;;;;;;;;;;;
~
~~~\ o "— -,. ----------
[ -
\ ) o N v . LN [ ] S~
\ AN At o pS [ J S
\ l____,.----_l_ll 1Y e
' emmmmag et ®, I~ e *
vo® 3¢l . TR O TS K
% e 5 s, @ T e )
S . " SN S SN RSO N
/ N S s LT TRV L v N
K N B [ v N WPt L -~ o v
’ ~ S, ' N1 @ serz”TL s oo™
7 AN 1 Ay ! \: gl Uy LA - ‘I
— .' Vet [ \‘ K oy ’,¢ 'I. 1‘-}' --------- ~ 4
; Rt S TP L ve [/ y
! PY PRN ! r ~o X ’ }
- Y ) 1@ N e m==” A ¢
“ 5 0 ] g Ao - N L4 U
-

\ [ ST Y L) WX 4N
Ly « /] oy o ‘ K
. N/ [ ® R N .’ 5

. PY s \ PR AY - [}
. \( X e (N '
N ., Semmam==T pJ H
,,,,,,,,,,,, N, ©® H
-------- * 1

. [ J

P‘ ‘.S ‘\’ \"‘\:\ P"{\Y\'\' w '\'\(.‘\ 2 1— i_x d\w?-?cmc\\: o set = |#blue — Fredl ;
Goal: mwwmze  mox Mser gponcy

Topwl: S, ,SmEln])

oin
(>\ cJnloglm
\]—;\ }( /VD Sb( L?O) Goa\ YY\\n mQx \XLSW\
xe$-141%

< ANVfa )
e A=C \R\\oa (ol whece X(S\dé’z'x
"Fradhiona) woc -

\ng_ xel, 1]

—d T % V! W) Z V€ where £==

é - C, -’6‘2 ° % \Og(!ﬂ/@ Dot ] ilor-\:g Iev:nq\\ t=v
< W %o€l2, 117 => %el2,11" st

P ) | %N - X6\ < O(W““

(&Y \easY)

|9
©) haly & %s ace -\-\é\{\—

/
\ m Two lemmas abowd Gowssions,
OO ® Soc Y~N(0,6D), Iz A61<2e
N ~
DY~ HER W Vi MNO,6) e 67

Then PelN +~v\2 AJT ) ¢ 26272

-X/2



‘/Pf [S-“\‘;A\n‘\:\ <

= E

4 YT
62.\.5% S )_

3P

I

|5

Balanced colorin
coloc powds ved /blue st ol et hove same ¥ o eadh

____________

4 ’ Pt
1 ’ s - ~ ~
i PR [ J PR ® N o Py Sao
[ ) AL -4 .
\ /ot ==fdi K A
.........
(N p— ‘,'b" S H "‘:'~.~~ .'¢‘ 2l e :
>(¢— ¢><~ 5 AN 1 |'\~ ®° - ', e ~~~ Nl
s o I sV St =l o ¥
’ (N ’ s 9 1 ~ol Ve I ~, '~
S AN S N e LS N R
- P
’l ~"~ : \‘ 'l PY ‘{ ',f '.-..'_lL’l____'__-— . '
~ . [-t4 1 1
(Y 1 ¢ ¢ o
] ~ 1 3¢ ’ 5 h \
L} ~ ’
! R o T O I, A s A
] ——— )
1 [ ) [ ] ~~~ “ 1 @ i .,4' = AN ’ “
1 -~ 1 ? jo= Ay 4 1
[ - b #
[y rRLT L Ly ~ A \
k v/ Y L4 PO N TP A )
K N v - ., o
N ( ] v @ ' Pots . [
. 4 O mmm=m AN 1
., N ’ . @ 1
~ 04 -~ -’
~~~~~~~~ N ]
0o mmememT ~ [ ) "
. > S~ ’
d\we,?mc,\, oy sebf = \‘*—\:B\wg ol TTeeee- ‘

%oq\'. YOWNZE o, ONSEX Rpancy
1h?\r\'T-‘ 5\',”,3“\9[“_3\ \
Gogd: M0 mox | X(5)

\ xe$-1ny S ‘
whece X(S-.\d-f’ﬂx-
¥ES: Y

"Feachional w\o('\ng_ xef1,11"
% ek Wx )\ Z\-€ where E=
Pactial color’mg lemma
xoel-1, 11" => xel-1,11" <.
@) [ %50 - XD € OWogmin)

(¥ Yensk) NS

Lb\ ko‘\q.f 5 ’X-: s o2 T\ é\;\'

Two lemmas abowd Gowssions,
/2

® Soc Y~N(0,6®), Pz A6 <2e -
@Y, ~ 7R W/ \(r\x",wm_\'b/‘( (0,63) Suc 652\
Then P‘-Y_\\ﬂ\w*\(-‘\?_ AJT V< 13’7\1/2



BON‘ O\V\C.E,A Co\Of w

P’iXel_l 11 \10(5\ XLS \\ £ A V 6 E coloc Powds \’eo\/Ui st q\\‘séts \:\wg, same & o eadh

.......
. ~ ——
” “se »”° \ -~ pmmRE T ——
~
§~ -

[ ) ~
° o X, ® o ® o
)

- Y 3

T -l"“'~. o, "‘l';-m’. S ]

------ 7 ., R TR Rl ~ S

‘ D\ ‘ .- S IN @, 7o 0 O

— \ OO LG 3 . - ., 4

"” = L / 2 . ® Y (IS 7’~\ ([ ] s)(/\‘

N Vv @ el 1) et N

1, Y lo N o7 1@ i-til--a- O]

' ’ “~~ H . . 5 \x/ ; \‘({. 1 \\i

S~ [Pt '} ~ Q ()

\ 1" = ~o A

. r X o fS—— [ [ ) AN
: [ ] ® .. H 1 e :‘,,4' === \“\, SN
' L S =7 AN L \
* - ( N v/ ) ® Lot Tt ° ]

‘ \ \ . \
- S ) AN ) ’ e N '
S A BTSN A . @ !
- -~ N ’ N [
~~~~~~~~~ AN !
_________ ~~ . 'l
d So 4
-
\screpancy oy set’ | #blue — ¥eedl ---

%oq\ m“\‘mﬂ-b max &\scx e,pmo/

( O\\ XU\. -, X(T) eF WIL/P 1“?\&T S, SmELn]

mm Mooc xS
Godl: xe$-1+41% \ \
where x(sv‘éz %y

\/E\d " g[‘\%*) J> (\ —62\') h"EI se'\’s

/ E ( < N Pactial co’oring lemma
SQ".S g woel1, 117 => xel-1,11" .
) | % - 26D\ < o(rn\ogtm/n\\

(Y \ewsY)

®) bl & Xs ore % 3\{\‘

[/ 8 Tar)| > 30
—> E . [3‘ Two lemmas abowl Gowssions,
\\e N £ k ® Soc Y~N(0,6%), Pl A61¢2e

@Y, ~ 7R W/ \(T\x"mm_"\*/‘( (0,63) Suc 652\

gof T:. %/ 62' Then  PelN ¥~v12 AJT 1< 2e- 272

- "F(o\d"\ona\ oo\ov\ng_ xel-l, 1]
W, gt Vx| Z\-€ whese €=







BON‘ O\V\C.E,A Co\Of w

P’iXel_l 11 \10(5\ XLS \\ £ A V 6 E coloc Powds \’eo\/B\i st q\\‘sets \:\m, same & o eadh

-------------
......................
~~~~~

1
- v - Y
‘:‘ ........ v H ® rertmee, \
1 Q
I R A N ® N,
- \ \ RSN S7.S S AN
. - .
11 ~ £y - ~ ’
/ 2 .« ® VoM s e PN e
N TN @ tren) / (YOt A S
1 . (N Bt LY P Ll (Ol
o ’ ~ H . .\ K \xé /O 3 ® K \\i
~ ’
S~3 [} g '} ~ ’ ,‘(\ ’
K 1" ~-p=" ~o? Py 0 R
i r ] el AN \
l [ ] [ ] “~~~ ! 'l o 'l“,,o' \‘ \, 'I \
-
LOET TR ° ,X‘ ~ e

1
* * [\ .~ .
- i L HEC I A R P
\ ( ) Y s v Prag AN ® ‘I
AN [ J v @ s - . '
. /(‘ ¢ mnnmm=m" ~ Y !
Sol et Lt \ ]
~~~~~ ~ H
-------- ~~~ "

d\scxe.?cmc,\[ & se¥ = |#¥blue —Fredl
%oq\ MMZE Mok &\scx ceancy

e ol\ 7(('\. -~ 7(,(T) eF ‘«I/\n/P Topdl: S, SmEIw)
xoel-1, 11" = xet1,11" st

Groa\: “;\? o | x|
= . ~ X xeg-1+ .
tt -h \‘* _—\—‘ " ( \" ) whece X(S\ 2.’)(
\/E\ 'E[g\\ ) Z(\ 52\')“ I se'\’s ,.
a: E[
) | 16D -xENNE O(Wn\\

Frachiona oo\o(\ng_ xel-1, 1]
P ﬂ -" \'\* n 7 __L (6) M\qj‘ 5 ’X s are Ty 3\\'\'
/ (\ ‘ s a - Z Two lemmas about Goawssions,

(-

Pactial co’oring lemma

sds

_<__Q
4

X, ”‘\'\3\{\’: V%) Z\-€ whece g:-‘;-\
® Soc Y N(0,63, Pz A61€2e ™
@Y, ~ R W \(T\x"mm_"\*/‘( (0,63 Ssc 65<)
which c,ovnp\éxeé "(\-.e_ p(‘oo%‘\. then Pl 4~v¥c\2 AT 1€ 27272



BON\ omceo! Co\Of w

%
o\ s eo\/L\ A ol et hor # S eadh
‘50(1’ |a| co’o rmg lemmo\ c)e‘Xm\e,c) : j,’_‘.-‘.’f?_.__f P >

. ~
°® \ o ® %N o o -
[ ] % [ N
_______ & .‘----.(.,‘:..~~ o '__“..h ~~ !
..... G
‘\(!’—. Pl s, 1% @ 7 /: 0 \\'I
# L LN LN ~,
“ N :'\\ ( RIS ‘v—"'l._-""’.\ e R
4 ~
’ - SN O TN N e e s U
h; R LR loM o7 i@ iban-d .
\ -t AN o\ ; RN AR TAS WA Y y
. H PR 2 T WPt e ~ L* P ’
H \‘~ l‘ ~~~~~ '¢'}. ~”:_____o Y \‘ / [} ,l \‘
1 0 ® . 1 e - Vv KA
-
\ Rl DT R L YA g
[ ] 2N T Neaaae
\ (]

Compuies KE l-l 1'3 o, Gl Vg o) S LS

discrepancy oy set = | #blwe —‘a‘\'eA\
%oq\ MMMZE  MOX &\scx ceancy

() | o) - %D |< O(\]v'\\og(m W) NS, (1,:\“1 nz{ :“J\E:K\xcsw\
(¥ \eusY) whece x(sY‘éZ X,

(b\ kﬁk\cf <5 'X{ s oare Yy 3\\'\' "Fradiional colexing 7€ (1, 11

X "‘\"\g\{\"\: W%\ Z\-€ wheee £=5

('XD \ASO-CX Yo 0\0“\6‘ 3’0( S‘(&G\O{\e\\ c,o\o(' .\“é’ S’ﬂvw\ P( eviows ‘e &\\0“33



Balanced colorin
coloc pows ved /blue st ol et hove same # o eadh

Pactial colo ring lemma s el e

LT
~~~~~~
~
~

.
' [} [} [y .
N N v ° 3 \
. ~ sT NN
Y "o S ~ ]
. S emm T mse 1 Nor N . S S O Ny
- 0‘ X o . . DO RN AN e S W
\ RIBN K4 HhN PS \‘ 1 ~~~ '\ —‘_,_-'I-.I.~ ()
4 Sl s @ 1y ¥ Ll
4 Q’l [] N

’ ~ 1 \ v ‘E ?’ -7 '..'l"'v'--- ——————————
| BN B e O
rand. a 30. wmmTé X e B . S. ° :‘\ ~~~.“"\.-:’L----_:"_';"“‘ [ J ,,’:"‘?~~~'--""’x. “\\
“ e Ve VW SN |
— e - SR,
S \ 4 ( I \ discrepancy oy set = |#blue —Fred) Seae-
C0\ ’X (. °\ —-— O V\\Og wminNn ¥ 8'\ %oq\ IIMZE Mo Aisee epancy

(aY \eash) 1h?v\'\'-‘ S, ™ SmEn)

6 holy & coordindles ar Tight = e s

whece X(S;\d‘-%s 2L 3
JES,

Pactial = Sull ‘hg)\‘l’ c.olorina_ (hgh o) Fractonsh coocing A€T147

X "‘\"\g\{\'*: W%\ Z\-€ wheee £=5

Repedtedly wdtil all x; ‘\"\%\\‘\

(b) 5’§x h/il ’\'\%\\'\' ccore)\n&\'e.sl remove them

Note l'\];\\o%_(hn/;s Aecreases 8eome‘.\'c\m\\~/



