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Probability Algorithms
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Probability Algorithms Cresults

Multiplicative Random graphs
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ability Algorithms
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Lecture 13

Probability andtechniques Algorithms 9 4 Is
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Lecture 14
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Lora's Local Lemma Moser's resampling
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Moser 2009

Resampling algorithm for K sat

1 Sample X M X E T F independentlyuniformly atrandom

2 while there is an unsatisfied clause C

A re sample each X in C independently uniformlyatrandom

3 return Xi m Tn
















































































Resamplingalgorithm for k SAT Moser 2009

1 Sample X M X E T F independentlyuniformlyatrandom

2 while there is an unsatisfied clause C

A resample each X in C independentlyuniformlyatrandom

3 return Xi m Xn

Theorem Let FG m Xn be a k SAT formula where

each clause intersects at most d other clauses

If de 2
1 then

f is satisfiable

re sampling algo finds satisfying assignment while

resampling each clause at times in expectation
















































































Resamplingalgorithm for k SAT Moser 2009

1 Sample X M X E T F independentlyuniformlyatrandom

2 while there is an unsatisfied clause C

A resample each X in C independentlyuniformlyatrandom

3 return Xi m Xn

Theorem Let FG m Xn be a k SAT formula where

each clause intersects at most d other clauses

If de 1 then
I locally verifiable

f is satisfiable 1970 s

re sampling algo finds satisfying assignment while

resampling each clause at times in expectation
2009
















































































Lovdsz Local Lemma k SAT is special case

A M An events leg Ai ith clauseunsatisfied

A Aj A and Aj not mutually independent
leg Ai Aj if ith andjth clause intersect

Q Is it possible for none of Ann An to occur

Is PIA s
n

n 0 PEAT An IIPEAT 0

IS A An are independent then YES

W no assumptions on dependence then

H AT
















































































Lovdsz Local Lemma k SAT is special case

A M An events leg Ai ith clauseunsatisfied

A Aj A and Aj not mutually independent
leg Ai Aj if ith andjth clause intersect

Erdos and Lora's 1975

Theorem Suppose I XCA n X An ECO 1 sit

PIA I XCA TI I XIA VA
Aj A
Aj A

Then PEAT M An O
















































































Theorem Suppose I XCA n XCAn ECO 1 sit

PIA EXCA TI I XIA VA
Aj A
Aj A

Then PEAT M An 0

Corollary Suppose each A is independent from

all but d other events Aj and PTA Ep t Ai

If epcot1 El then PIT m In 0

d step I K SAT p
de 1

Proof set XCA I t A
















































































Theorem Suppose I x A m XAnECO1 sit
PIA I xCAiJ

1 Aj t Ai

Then PEAT M An 0

Corollary Suppose each A is independent from
all but d otherevents Aj and PTA Ep t Ai

Resamplingalgorithm for kSAT Moser20097 If epcot1 El then PIE m In 0

1 Sample X M X E T F independentlyuniformlyatrandom

2 while there is an unsatisfied clause C

A resample each X in C independentlyuniformlyatrandom

3 return Xi m Xn

Theorem Let FG m Xn be a k SAT formula where

each clause intersects at most d other clauses

If de 2 1 then

f is satisfiable

resampling algo
findssatisfyingassignmentwhite

resampling each clause at times in expectation
















































































Lovasz Local Lemma variable setting Ck sat is special case

A M An events leg Ai ith clauseunsatisfied

A Aj A and Aj not mutually independent
leg Ai Aj if ith andjth clause intersect

Variables K X Xz m
e.g x mxne TF

Each X independent w its own distribution

Each A determined by subset Si Er

A Aj Sins 0
















































































MoserTardos 2010

Resampling algorithm for general LLL

1 Sample all variables V
independently fromtheir
respectivedistributions

2 while there is an event A

A resample all of 5
independently fromtheir
respectivedistributions
















































































Resampling algorithm forgeneralLLL MoserTardos2010

1 Sample all variables V 4 5 1 7
2 while there is an event A

a resample all of 5 9 11 1 7

Theorem Suppose I x A n X An ECO 1 sit

PIA I
XCADII

1 x Aj t Ai
Aj A

Then PEAT M An 0 and the

resamplingalgo finds a configuration of V

inducing AT An while resampling each

A at most Y.chy
times in expectation
















































































Resamplingalgorithm forgenerallil MoserTardos20

roof 1 Sample all variables V ing asf he
2 while there is an event A

very subtle coupling argument
a resample all of si inB d's

Theorem Suppose I XCA N XAnECO1 S
PIA I

XCAig.gl
1 x Aj t Ai

Then PEAT M An 0 and the
resamplingalgofinds a configuration of V

I log inducing AT An while resamplingeach

need to introduce

A at mosty.gg times inexpectation
2 witness trees
















































































Resampling algorithm forgeneralLLL MoserTardos2010

The log 1 Sample all variables V
independentlyfromtheir
respectivedistributions

2 while there is an event A

Records resampled a resample all of s
independentlyfromtheir
respectivedistributions

events in chronological

As Ay Ai A 23 Aloi m
















































































Witness trees

Def rooted tree w nodes labeled by events
labels can repeat

As
I

A As
I
As Ag

Hi
















































































Mapping prefixes of the log witness trees

Suppose first i events are Ai A iz m Ai

YMake root w label Ai

For j it i 2 I

If Aij Ak for some label Ak in the tree

pick such a node N of max depth
make a new child of N w label Ai

1

a
















































































Suppose first i events are Ai Ais m Ai

Make root w label Ai

For j it i 2 I

If Aij Ak for some label Ak in the tree
pick such a node N of max depth
make a new child of N w label Ai

x VI V74
Xx VI VI

x Vx Nys XX 3,46
Log

1
X273,76 xV44Vas

x VXzVx3 XzVIsVx6 x2 Ig Xg
xzVIgVX6

x Vx4Vxs I 3,46 x VI V74
XzVIsVx6 I

1 XVXzVxz
x VXzVX3
















































































Suppose first i events are Ai Ais m Ai Log
xVX2Vx3 XzVIsVx6 x2 Ig XaMake root w label Ai
x Vx4Vxs X273,76 x VI V74

For j it i 2 I

If Aig Ak for some label Ak in the tree x VI V74
pick such a node N of max depth
make a new child of N w label Ai

52,734
6 x avg

I
XzVIgVx6

Observation for later
x
VIzVxz

Let Ty witness tree for Ai A ie

Suppose j k and Aij Aik Aik
if Ai is a node in Te then so is Aij
and Aig has greater depth than Aik Ai
















































































ResamplingalgorithmisorgeneraluscmoserTardFix Ai 1 Sample all variables V ing
2 whilethere is an event AGoal bound times A resampled a resampleall ofSi ing 151

TheoremSuppose I XCA m XAnEco1 s
PIA IxCAiJg

1 xAj t Ai

let Wi all witness trees w root Ai Then PEATMAn O and the
resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eacfor j 1,2 m let Tj be witness tree A atmost Yy timesinexpectation

Mappingprefixesof thelog witnesstrees

for the first j entries of the log Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai
For j it i 2 1

or 0 if loghasCjentries IS Aj AkforsomelabelAxinthet
picksuch anodeN of maxdepth
makea newchildof N w label

I times A Times Ai xVava Inxs.to ixvav
I

appears in log
minivan

resampled 52,7346 x Vas

Pr IT

III

xzVÉvx

g TEW



Then Tj Th

Resamplingalgorithm againLemma let j k index diff entries in log 2 sample all variables V
2 while there is an event A
a resampleall of s lings IIE

TheoremSuppose I XCA m XAnEco1 s
PIA I XCA I 1 xAj t Ai

Then PEATMAn O and the

inducingAT Anwhileresampling ear
A at most Yy timesinexpectation

iTj Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai
For j it i 2 I

assume Ais Aik

Aig

picksuch anodeN of maxdepth
makea newchildof N w label

xVx4Vxs x273,46 GVIV

iii

xVIzVx4

52,7346 x Vas

xVisvaAiSsa

Jj



Resamplingalgorithmisorgeneralusmosertard

let W all witness Trees w root Ai 2 sample all variables re
2 whilethere is an event A
a resampleall ofSi ing 151for j 1,2 m let Tj be witness tree

Theorem Suppose I XCA m XAnEco1 s
PIA I

XCAiy.FI
1 xAj t Ai

for the first j entries of the log Then PEATMAn O and the
resamplingalgofindsa configurationof V

or0 if loghas jentries inducingAT Anwhileresampling ear
A atmost Yy timesinexpectation

Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m Ai

JIE
times A Makeroot w label Ai

For j it i 2 I
resampled appears in log If Aij AkforsomelabelAkinthetI times Ai

makea newchinos n abe
picksuch anodeN of maxdepth

ixVxVx xVisva x2to
I É Pr Tj IT avans carsnocaviar

xVIzVx4

g TEN 52,23 6 x Vas

xVisVe
Lemmalet j kindexdissentries inlog I Pr II IT for some j

winks

then I Tk
TEW



Resamplingalgorithmisorgeneralusmosertard
1 Sample all variables V ing 1 7
2 while there is an event A
a resampleall ofSi ing IIIfor j 1,2 m let Tj be witness tree for

W I

TheoremSuppose I XCA m XAnEco1 s
PEA IxCAiI 1 xAj t Aihe first j entries of the log core is loghas sentries Then PEATMAn O and the

inducingAT Anwhileresampling eac
A atmost Yy timesinexpectation

r sampled Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m AiIf times Ai

1in Pry T for some D Makeroot w label Ai
For j it i 2 I
If Aij AkforsomelabelAkinthet

makea newchildof N w label

ÉVxVx xVisva x2to
xVx4Vxs 52,23,46 xVezv

xVIzVx4

52,7346 x Vas

Pr I T for some xzVÉvx

x
VÉVx3



Resamplingalgorithmisorgeneralusmosertard
1 Sample all variables V ing d

labels A.int Aj 2 whilethere is an event A
w multiplicity

a resampleall ofSi ing d

Theorem Suppose I XCA m XAnEco1 s

get p T T

men pear and
Lemma Pr IT for some j Ip T Patient.si lt xcaiDtAi

resamplingalgofinds a configurationof V

inducingAT Anwhileresampling ear
A atmostYeggtimesinexpectation

3005 Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai
For j it i 2 I
If Aj AkforsomelabelAkinthet
picksuch anodeN of maxdepth
makea newchildof N w label

EYE E at
xVIzVx4

52,7346 x Vas

xzVÉvx

x
VIzVx3



Resamplingalgorithmisorgeneralusmosertard
1 Sample all variables V ing 1 7

labelsA inT 2 whilethere is an event A
a resampleall ofSi ing 151

Theorem Suppose I XCA m XAnEco1 s

P III d

Lemma Pr IT for some j Ip T Patient.si11 xetiDtAi
Then PEAT MAn O and the
resamplingalgofinds a configurationof V

A atmost Yy timesinexpectation

introduce checking procedure Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai
For j it i 2 I

checkI

Joof

makea new and
picksuch anodeN of maxdepth

For each event Ai in T in deer depth
label leaffirstrootlast xV4Vas 52,736 xVezv

xVIzVx4

Sample variables in Sig If the sample caxiascartons

xVisvainduce Aij then return FAIL anddoes not

return SUCCESS

20 83
S

Id



ResamplingalgorithmisorgeneraluscmoserTardLemma Pr Tj T
for IE pct T1some J 1 Sample all variables V ing II

labels A.int Aj 2 while there is an event A
w multiplicity a resampleall ofSi ing I'd

TheoremSuppose I XCA m XAnEco1 s
PEA IxCAiIg

1 xAj t Ai

for each event Aij in T in deer depth Then PEATmAn 0 and thelabel leaffirstrootlast
resamplingalgofindsa configurationof V

Samplevariables in Sig If thesample inducingAT Anwhileresampling eac
does not induce Aij then return FAIL Ai at mostYitytimesinexpectation

Mappingprefixesof thelog witnesstreesreturn SUCCESS
Supposefirst ievents are Ai Ais m Ai

d

Makeroot w label Ai
For j it i 2 I

picksuch anodeN of maxdepth

7 check T succeeds p T Tl P Aj makea newchild's number

labelsA inT ÉVxVx xVisva Caton
w multiplicity xVx4Vxs 52,23,46 GVezv

xVIzVxy
52,7346 x Vas

xzVÉvx

claim Pr Tj T
for E Pr check T succeedssome J x

VÉVx3



ResamplingalgorithmcsorgeneraluncmoserTard

for Lclaim Pr IT some j Pr check
T

2 sample all variables vsucceeds 2 whilethere is an event A
a resampleall of s 911 17

Imagine generating all repeated Samples Theorem suppose I xcai.nxcaneco.us
PEA I

XCAiy.FI
1 xAj t Ai

for all variables ahead of time Then Plain no and the
resamplingalgofindsa configurationof V

ST inducingAT Anwhileresampling eac
sample

5th 6th 7thsatple 2nd sample
4th

sample
3rd

A atmost Iffytimesinexpectation
Mappingprefixesofthelog witnesstrees

X XD Xi Xp 4,14 X Xi Xi m supposefirst ievents are Ai Air m Ai
Makeroot w label Ai
For j it i 2 1

X2 X X1 X X1 Xl X X1 IsAig AkforsomelabelAxinthet
picksuch anodeN of maxdepth
makea newchildof N w label

X X X Y Xi xs's x x m

xVx4Vxs 52,23,46 xVIV

i

xVIzVx4

52,7346 x Vas

xzVÉvx

we run resamplingalgo and
check T using same samples checkI

For eachevent Ai in T in deer depthlabel leasfirstrootlast

claim if log induces T
Samplevariables inSig If thesample
does not induce Aij then return FAthen checkCT succeeds return SUCCESS



satmsplesahmpdlestfdplesamhp.ie 5th 6th 7th Resamplingalgorithmcsorgeneralunimosertard

check T using same samples X X Xi X x xis xia xi m 1 Sample all variablesV'in É
2 while there is an event A

Xz Xi Xi Xi Xi xis x Xi m

d

X X x x x xs's x x m

a resampleall ofSi ing III
claim if log induces T TheoremSuppose I XCA mXCAnEco1 s
then checkCT succeeds PIA I

XCAiy.FI
1 xAj t Ai

Then PEATMAn O and the
resamplingalgofindsa configurationof Veach Aij maps to sample of Si inducingAT Anwhileresampling eac
A at most Yy timesinexpectation

inducing Aij before resamplingAi Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai
For j it i 2 I
If Aij AkforsomelabelAkinthet
picksuch anodeN of maxdepth
makea newchildof N w label

my

say T has labels Aj Aja Aja m in deer depth caverns cnn.xo.a.vn

iii

xVIzVx4

52,7346 x Vas
we need each Ajk to use sample of Sj

xVisva

inducing Ajk
For eachevent Ai in T in deer depthlabel leasfirstrootlast

Samplevariables in Sig If thesample
does not induce Aij then return FA
return SUCCESS



simpledipolestifle staple 5th 6th 7th Resamplingalgorithmcsorgeneralunimosertard

check T using same samples X X Xi X x xis xia xi m 1 Sample all variablesV'in a
2 whilethere is an event A

Xz Xi Xi Xi Xi xis Xi Xi m

d

X X x x x x x x m

a resampleall ofSi ing I'd
claim if log induces T Theorem Suppose I XCA mXCAnEco1 s
then checkCT succeeds PIA I

XCAiggy
1 xAj t Ai

Then PEAT MAn O and the
resamplingalgofindsa configurationof VFix node N in T w label Aj inducingAT Anwhileresampling eac
A atmost Yy timesinexpectation

corresponding to entry E Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai

for XjEsi E uses sample yh where For it.is is
If Aij AkforsomelabelAkinthetJ picksuch anodeN of maxdepth
makea newchildof N w label

h entries before and including E ÉVxVx xVisva x2to
xVx4Vxs 52,23,46 xVIV

W event using Xj arrival
52,7346 x Vas

xzVÉvx

G
h

checkI
Aj for eachevent Ai in T in deer depthlabel leasfirstrootlast

Samplevariables inSig If thesample
does not induce Aij then return FA
return SUCCESS



Recall
Suppose first i events are Ai Ais m Ai Log

xVX2Vx3 XzVIsVx6 x2V8XaMake root w label Ai
xVx4Vxs X273,76 x VIV74

For j it i 2 I

If Aig Ak for some label Ak in the tree x VI V74
pick such a node N of max depth
make a new child of N w label Ai 52,73 6 x avg

xzVÉVx

Observation for later I
xVXzVX3

Let Ty witness tree for Ai A ie
iSuppose j k and Aij Aik D Ai

if Ai is a node in Te then so is Aij
and Aig has greater depth than Aik Aik



sartpleImpalestifle staple 5th 6th 7th Resamplingalgorithmcsorgeneralunimosertard

check T using same samples X X Xi X x xis xin xi m 1 Sample all variables V ing
2 whilethere is an event A

Xz Xi Xi Xi Xi xis Xi Xi m

d

X X x x x xs's x x m

a resampleall ofSi ing 151
claim if log induces T Theorem Suppose I XCA mXCAnEco1 s
then checkCT succeeds PEA I

XCAiy.FI
1 xAj t Ai

Then PEATMAn O and the
resamplingalgofindsa configurationof VFix node N in T w label Aj inducingAT Anwhileresampling eac
A atmost Yy timesinexpectation

corresponding to entry E Mappingprefixesofthelog witnesstrees
Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai

for XjEsi E uses sample yh where For it.is is
If Aij AkforsomelabelAkinthet
picksuch anodeN of maxdepth
makea newchildof N w label

h entries before and including E
xVx4Vxs 52,23,46 xVIV

i i
w event using Xj arrival

52,7346 x Vas

xzVÉvx

Observation so does N
checkCT
Foreachevent Ai in T in deer depthCheck T passes N's iteration

can aeassirstroomasts

Samplevariables inSig If thesample
does not induce Aij then return FA
return SUCCESS



ResamplingalgorithmcsorgeneraluncmoserTard

for Lclaim Pr Tj T some j Pr check
T

2 sample all variables vsucceeds 2 whilethere is an event A
a resampleall of s 911 1 1

Imagine generating all repeated Samples Theorem suppose I xcai.nxcaneco.us
PEA I

XCAiy.FI
1 xAj t Ai

for all variables ahead of time Then Plain no and the
resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eacsatsple 2nd sample
5th 6th 7th

sample
4th

sample
3rd

A atmost Yy timesinexpectation

Mappingprefixesofthelog witnesstrees
X XD Xi Xp 4,14 Xi Xi Xi m supposefirst ievents are Ai Air m Ai

Makeroot w label Ai
For j it i 2 1

X2 X X X X1 Xl X X1 IsAig AkforsomelabelAxinthet
picksuch anodeN of maxdepth
makea newchildof N w label

3
xVx4Vxs 52,23,46 GVIV

iii
xVIzVx4

52,7346 x Vas

d

j xVisva
we run resamplingalgo and
check T using same samples checkI

label leasfirstrootlast

Flaim if log induces T
Samplevariables inSig If thesample
does not induce Aij then return FA

ne overallclaim then checkCT succeeds return SUCCESS



ResamplingalgorithmisorgeneraluscmoserTardLemma Pr Tj T
For IE pct T1some J P A 1 Sample all variables V ing É

labelsA inT 2 whilethere is an event A
multiplicity

j
a resampleall ofSi ing d

Theorem Suppose I XCA m XAnEco1 s
checkI PEA IxCAiIg

1 xAj t Ai

Then PEAT MAn O and thelabel leaffirstrootlast
resamplingalgofindsa configurationof V

Samplevariables in Sig If thesample inducingAT Anwhileresampling eac
does not induce Aij then return FAIL Ai atmostYitytimesinexpectation

Mappingprefixesofthelog witnesstreesreturn SUCCESS

the

it III

As

Supposefirst ievents are Ai Ais m Ai
Makeroot w label Ai
For j it i 2 I
If Aij AkforsomelabelAkinthet
picksuch anodeN of maxdepth
makea newchildof N w label

labelsA inT ÉVxVx xVisva Caton
w multiplicity xV4Vas 52,23,46 xVezv

xVIzVx4

52,7346 x Vas

xzVÉvxFlaim Pr Tj T
for E Pr check T succeedssome J x.VNzVx3



Resamplingalgorithmisorgeneralusmosertard

let W all witness Trees w root Ai 2 sample all variables V
2 while there is an event A
a resampleall ofSi ingfor j 1,2 m let Tj be witness tree for

TheoremSuppose I XCA m XAnEco1 s
PIA I

XCAiy.gg
1 xAj t Aihe first j entries of the log core is loghas sentries Then PEATM In O and the

resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eac

I Ai atmost Yy timesinexpectation

r sampled Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m AiIf times A

yen
Pry T for some 1

Makeroot w label Ai
For j it i 2 I
If Aij AkforsomelabelAkinthet
picksuch anodeN of maxdepthPr Tj T

for IE PCT TI PIAsome J labelsA inT
w multiplicity ÉVxzVx3 xVisva x Ign

xVx4Vxs 52,23,46 xVIV
xVIzVx4

52,7346 x Vas

Claim caves've

Tew
PT x.VNzVx3

which completes the proof



TheoremSuppose I XCA m XCAnECO1

PIA I
XCAiyyy.lt

xAj t AiLemma E labelsA inT ml X A w multiplicity
resamplingalgofindsa configurationof Vtempos p

s gginducingAT Anwhileresampling eac

roof Galton Watson trees



TheoremSuppose I XCA m XAnEco1
PEA I

XCA.IEy
1xCAj t AiLemma I p T I PCT T PIA's

thenpeaman o and theEY
TEN resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eac
A atmost III timesinexpectation

roof Galton Watson trees

Round 1 Create root w label Ai

Round htt A nodes N created in prev round
w label Aj and each Ak Aj create child
of N w label Ak w prob X Ak

Fix TEW let q
P It produces T Ai

XCAP N
Arai A



TheoremSuppose I XCA mXCAnECO1
PEA I

XCA.IE
1 xAj t Ai

EY EE
Then PIA MAn O and the

Lemma Pt 114 PT N PIA

gym

resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eacFix TEW let 97
P I III rounds create root w label Ai

for node N in T let Round n't t nodes N created in prer ron
w labelAj andeachAk Aj createchit
of N w label Ak w prob X Ak

An event labeling N

BN Ak Ak An but no child of An labeled Ax

97 I TIX CAN TI I ACAD
NET AKEBN

II Tacan TI Lacan
NET An AkA

me



TheoremSuppose I xAD W XAnEco1

YEITEXCANTICARD Then PIA M In 0 and the
A K AN resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eac

mist

A at most Yy timesinexpectation

Roundhtt A nodes N created in prev rou
w labelAj andeachAk Aj createchil

NET

E TI XCAN T A XIAN
NET AK AN

AK AN

YEH 9T

E E at E

Tew
P T I XCA

TICA TEN



TheoremSuppose I XCA m XAnEco1
PIA I

XCAiyyy.lt
xAj t Ai

Then PEATM In O and the
resamplingalgofindsa configurationof VNET Aj AN

g T X Ar

Jj a a most y.ggtimesinexpectation
inducingAT Anwhileresampling ear

Round 1 Create root w label Ai
Roundhtt A nodes N created in prev rou

w labelAj andeachAk Aj createchit
of N w label Ak w prob XAK

PCT TI PIA
labelsA inT
w multiplicity



TheoremSuppose I XCA m XAnEco1
PEA IxCAiJ 1 xAj t Ai

Then PIA MAn 0 and the
resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eac
A atmostYeggtimesinexpectation

Round 1 Create root w label Ai
Roundhtt AnodesN created in prev rou

w labelAj andeachAk Aj createchit
of N w label Ak w prob XAK



Resamplingalgorithmisorgeneralusmosertard

let W all witness Trees w root Ai 2 sample all variables V
2 while there is an event A
a resampleall ofSi ing 1 7for j 1,2 m let Tj be witness tree for

TheoremSuppose I XCA m XAnEco1 s
PIA I

XCAiyyy.lt
xAj t Aihe first j entries of the log core is loghas sentries Then PEATM In O and the

resamplingalgofindsa configurationof V

inducingAT Anwhileresampling eac

I Ai atmost Yy timesinexpectation

r sampled Mappingprefixesof thelog witnesstrees
Supposefirst ievents are Ai Ais m AiIf times A

yen
Pry T for some 1

Makeroot w label Ai
For j it i 2 I
If Aij AkforsomelabelAxinthet
picksuch anodeN of maxdepthPr Tj T

for IE PCT TI PIAsome J labelsA inT
w multiplicity ÉVxzVx3 xVisva x Ign

xVx4Vxs 52,23,46 xVIV
xVIzVx4

52,7346 x Vas

aim
caves've

Tew
PT I

x.VNzVx3

which completes the proof



Resampling algorithm forgeneralLLL MoserTardos2010

1 Sample all variables V9 II
2 while there is an event A

a resample all of 5 4 5 1 7

Theorem Suppose I XCA n X An ECO 1 sit

PIA I

XCAigI
1 x Aj t Ai

Aj A

Then PEAT M In 0 and the

resamplingalgo finds a configuration of V

inducing AT An while resampling each

A at most Y.chy
times in expectation


