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Chapter 4

Sampling edges

This chapter is about applying random sampling while trying to preserve combinatorial
structures, like graphs.

Consider, for example, the (s,t)-flow problem. We have as input a graph G =
(V, E), positive edge capacities ¢ : E — Rsq, and two vertices s and t. We want to
route the maximum amount of flow from s to t. Can we sample a small subgraph
of G while preserving the value of the maximum s to ¢t flow? If so, then we could
run a max flow algorithm on the sampled subgraph and get faster overall running
times. Try to imagine sampling edges from a graph in the interest of flow. Flow has a
combinatorial aspect that would appear much more delicate than, say, heavy hitter
estimates. For example, missing a single important edge when sampling can disrupt
a polynomial number of paths used by the maximum flow. Nonetheless, we will see
that for undirected graphs, the surprising answer is yes: one can indeed subsample
the important parts of an undirected graph and preserve the maximum flow.

4.1 Minimum cut

Recall the minimum cut problem in undirected graphs. The input consists of a
connected, undirected graph G = (V, E') with positive edge capacities ¢ : F — Ryg. A
cut is a set of edges C' C E whose removal disconnects the graph. The goal is to

minimize » _ c(e) over all cuts C C E. (4.1)
ecC

This problem is polynomial time solvable. Whatever the optimum cut is, it must be a
minimum (s, t)-cut for some pair of vertices s and ¢. Thus to find the global minimum,
one can guess s and t by looping over V', and compute the minimum {s,¢}-cut for
each choice of s and t. (Better yet: fix s, and loop over all t.) Previously, we also
studied an algorithm due to | ] that runs in O(mn) time.
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Figure 4.1: What is the minimum cut in this graph?

For a set of vertices S, let 0(.5) denote the set of edges with exactly one endpoint
in S. §(9) is called the cut induced by S. The induced cuts are also the inclusionwise
minimal cuts, and it suffices to consider only the induced cuts when solving (4.1).

We will study a subtle algorithm discovered by Karger [[<ar03], that has been
influential beyond the minimum cut problem. Consider the following description of
Karger’s algorithm.

Repeatedly sample edges in proportion to their capacities until there is only
one cut from which we have not yet sampled any edges. Return this cut.

This algorithm is clearly ridiculous. For the unweighted setting, the above algorithm
is equivalent to the following, equally absurd approach (see exercise 4.2).

Independently assign every edge e € E a weight w, € [0, 1] uniformly at
random. Build the minimum weight spanning tree T w/r/t w. Let e be
the heaviest edge in T'. Return the cut induced by the two components of
T —e.

Compare the two approaches above. Of course we know how to compute the
minimum spanning tree; among other approaches, we can repeatedly add the smallest
weight edge to T' that does not create a cycle. On the other hand, in the first approach,
it might appear difficult to keep track of which cuts we have and have not sampled
from, being that there are so many cuts. This can be addressed by contracting the
graph.
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random-contractions(G = (V, E),¢)

1. While |E| > 1

A. Sample e ~ ¢

B. G« GJ/e, c+c/e
2. Let E={e}

3. Return the edges in the original graph that contracted to e

Figure 4.2: A randomized minimum cut algorithm due to Karger | .

Suppose we sample an edge e = {s,t}. Then
we know that any cut §(5), where s € S and
t ¢ S, has now been sampled from. Thus we can
safely contract e; replacing s and t with a single
vertex u that has the sum® of edges incident to s
and t. Note that contracting e will only effect cuts that contain e.

Now imagine we contract edges as we sample them. Eventually there are only two
vertices left in the contracted graph, which represent two connected components in
the input graph. These components induce the only cut we have not yet sampled
from, and this is the cut that we return.

Pseudocode for the contraction algorithm is given in fig. 4.2. Here, for an edge
e € G, welet G/e = (V/e, E/e) denote the graph obtained by contracting e, and we
let ¢/e : E/e — Rsq denote the corresponding capacities. Figure 4.3 sketches a few
iterations of the algorithm applied to a barbell graph.

The intuition behind random-contractions is as follows. Here we describe the
intuition for unweighted graphs for simplicity. (The intuition is the same for weighted
graphs, except replacing “many edges” with “large capacity”, etc.) Suppose we have
an unweighted graph G = (V, F), and let C' C E be the minimum cut. Since C' is the
minimum cut — keyword minimum — there are presumably very few edges in C'. If we

More precisely, for every edge f of the form {s, z} or {t, z}, we create a new edge {u, z} with the
same capacity. If s and ¢ both have edges to the same vertex z, we can either create two edges from
u to z with the appropriate capacities, or make a single edge from u to v with the same capacity. We
remove s and t and its incident edges from the graph, replacing them with u and the newly created
edges incident to wu.
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DETRNZE SN Zamm i
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Figure 4.3: A few iterations (from left to right, top to bottom) of the
random-contractions algorithm apphed to a barbell graph.

randomly sample an edge e € E, then hopefully e ¢ C. If C' “survives” this round,
then we have all made some progress because there is one less vertex in the graph after
contracting e. In the next round, C' is still the minimum cut, so the high-level logic
from the first round still holds. Thus we can repeatedly sample edges and preserve
the hope that we avoid C.

The above argument hinges on how much smaller C is than all of E. If we can
argue that C' is always a small fraction of F/, then that gives hope that C' survives
to the end. On the other hand, if C' is even a small constant fraction of G, we will
probably sample from C' after a constant number of rounds. Observe also that over
time, C' becomes a larger and larger fraction of E, as we contract and remove edges
outside of C.

The key observation is that every vertex v induces a cut §(v), which must have at
least as many edges as C. Thus the minimum cut is at most the minimum degree in
the graph. In turn, since the number of edges in F is the sum of degrees (divided by
2), the minimum cut C is at most a 2/n fraction of the total number of edges! This
observation holds initially in the input graph and thereafter in the contracted graphs,
although n decreases by 1 in each iteration.

On the first iteration, C' has at most a 2/n chance of being hit. On the second
interation, assuming C' surivived the first iteration, C' has (at most) a 2/(n— 1) chance
of being hit. Continuing in this fashion, assuming C' surivived the first ¢ — 1 iterations,
C has a 2/(n — i+ 1) change of being hit in the ith iteration. If one combines these

problems, one discovers that C' has a > 1/ (;) chance of surviving all n — 1 rounds We

can repeat the experiment (g) = O(n?) (a polynomial!) number of times to find the
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minimum cut with constant probability, and O(n*logn) times to find the minimum
cut with high probability.

In the sequel, we formalize the the above argument, as well as extend it to positive
capacities. For ease of notation, for a set of edges C C FE, we denote the sum of
capacities over C' by

> cele) =Y cle).

ecC ecC

Lemma 4.1. Let C* be the minimum cut in (G,c), and suppose e & C'. Then C* is
(or maps to) to the minimum cut in the contracted graph (G/e,c/e).

Proof sketch. Direct inspection. ]
Lemma 4.2. Y .cpc(e) > 22

Proof. Every vertex v has weighted degree - c5(,) c(e) > A since 6(v) is a cut. Thus

> cle) = R Zee;(v) cle) > )\;.

eck
[
Lemma 4.3. Let e ~ c. Then Ple € C*] < 2.
c(e) (@)
Proof. We have Ple € C*] = —Zz::eec*c((e)) < 2 by (a) lemma 4.2. O
eckE

Lemma 4.4. Let C* be a minimum cut. With probability > 1/(3), random-
contractions returns C*.

Proof. For k € Z>¢, let E); be the event that we have not sampled C* after £ iterations.
Initially, P[Ey] = 1, and we want to show that P[E, 5] > 1/(’;) By lemma 4.3, we
have

PlE, | Ep 1] > 1 — % for each k € [n].

n—(
The probability of succeeding (event F, _») is at least

By | Er—1 ZH(l——>

i-2_ (n=202 1

-2

P[En—2] - H

n
k=1
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Thus with probability about 1/n?, the random contraction algorithm returns the
minimum cut. To find the minimum cut with constant probability, we rerun the
algorithm O(n?) time and return the best cut. To find the minimum cut with high
probability, we rerun the algorithm O(n?logn) times.

The nice thing about repetition is that we can run the randomized trials in
parallel. Moreover, a single instance of the contraction algorithm (via its connection
to minimum spanning trees) can be made to run in polylog(n) time with polynomially
many processors. Thus one obtains a randomized parallel algorithm for minimum cut.

Corollary 4.5. A randomized minimum cut can be computed in parallel in polyloga-
rithmic time with a polynomial number of processors.

That said, random-contractions is not just an algorithm. It is also a surprising
structural observation about the number of minimum cuts in an undirected graph. In
the above algorithm, any fixed minimum cut is returned with probability 1/ (g) This

implies that there are at most (g) minimum cuts in the graph!

Corollary 4.6. There are at most (g) minimum cuts in a graph.

4.2 Amplification by branching

The randomized-contraction algorithm preserves a fixed minimum cut with probabil-
ity at least 1/ (g) One can amplify this algorithm directly by running it independently

O(n?logn) and outputting the minimum over all the trials. With high probability,
the minimum cut lies in one of these O(n*logn) cuts.

Karger and Stein | ] reduced the probability of failure more efficiently by an
amplification process called branching. To motivate the branching technique, recall
from 77 that the probability of failure increases as the number of remaining vertices
decreases. Instead of restarting the entire algorithm from the beginning again and
again, one might restart the algorithm from some relatively confident point partway
through. One might further apply this strategy recursively.

Karger and Stein | ] proposed randomly contract edges for a fixed number of
iterations so that the probability of avoiding the min-cut is still at least 1/2, and then
“branching”; i.e., running two independent processes that continue from this point.
The branching is recursive: each of the two independent trials also continue for a
relatively safe number of iterations before branching again. This refined amplification
process, it is shown below, is much more efficient than repeated independent trials
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branching-contractions(G = (V. E), ¢)

—

. Let n =|V|. If n <3 then compute the minimum cut by brute force.

2. Until [V] =[]+ 1:
A. Sample e ~ ¢ and contract e.
3. (] < branching-contractions(G,c)

4. (5 < branching-contractions(G,c)

5. Uncontract and return the minimum of C; and C,.

Figure 4.4: A randomized minimum cut algorithm that amplifies the
random-contractions algorithm by branching, due to Karger and Stein | ].

of random-contractions. The amplification technique is interesting in its own right
and extends past this particular problem.

A sketch of the algorithm, which we call branching-contractions, is given in
fig. 4.4.

Lemma 4.7. Let C*, and suppose we contract n — k edges sequentially at random.

The probability that none of theses edges samples the minimum cut is at least %

Proof. For i € N, let E; be the probability that we have not sampled C* after ¢
iterations. We ware interested in P[E,_;]. We have

by (a) lemma 4.3. O

Theorem 4.8. branching-contractions runs in O(n?logn), and returns a minimum
cut with probability Q(1/logn).

Proof. We first prove the running time, and then discuss the correctness. The running
time is dominated by the recurrence
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f(n) <2f(p(n)) +n? for p(n) =n/v2 +c
for some constant ¢ > 0. The recursion tree is drawn in fig. 4.5. For ¢ € N, let
@' = p o' recursively apply o ¢ times (e.g., ¢! = ). Each problem at depth ¢ has
size at most

po'n)=—=]|n —|c<|[—=|n :
V2 =\V2 V2 V2 -1
Since there are 2 problems at depth 4, the total amount of work at level ¢ is

2

$ () =2 ((%)" s 0(1)) ~ o(n?).

Over O(logn) levels, then, the total work is O(n*log n).

The proof of correctness is based on a more general phenomena, called the Galton-
Watson process. We study the Galton-Watson process in greater generality in the
following section, and here we only give the reduction from branching-contractions
to the Galton-Watson process.

We can arrange the recursive calls in a binary tree. Each node consists of a
subproblem, with two children consisting of the two subproblems. The leaves are the
constant-size subgraphs that can be computed by brute force. The height is O(logn)
because every level decreases n by a constant factor.

The process at a subtree succeeds iff the node succeeds and one of the two subtrees
succeeds, and each node succeeds with probability 1/2. The overall algorithm succeeds
iff there is a root to leaf path where every node succeeds. This is the Galton-Watson
process over O(logn) generations, which (by theorem 4.9 below), has a (1/logn)
probability of success. ]

4.3 Randomized branching
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Figure 4.5: A recursion tree analysis for branching-contractions.

Theorem 4.9. Let T' be a complete binary tree of height k > 2, and suppose every
edge is deleted independently with probability 1/2. The probability that there is a leaf
connected to the root is > 1/k.

Proof. For i € N. Let p; be the probability that a particular node at height ¢ is
connected to a subleaf. We have py = 1. For a node at height 7 + 1, the probability
that there is no path to a leaf via a particular child is

(1—p)=1-2

-
2

1
2 2
pi+1 is 1 one minus the probabilities there is no path to a leaf via either child, which
by independence to the two subtrees is

i) 2 < pi)
7 =1—(1—= = D; 1——. 4.2
Pit1 ( 2) p 1 (4.2)

The first three values are
po=1,p =3/4,and p, = 33 > 1/2.

We claim by induction on k that pj, >  for all k& > 2. Looking at the RHS of (2), we
first observe that function

f(z) = x(l — ﬁ) is increasing for x < 2,

which can be seen from its derivative f'(x) =1 — ¢ > 0. In particular, to lower bound
Pre1 via (2), we can replace p, by any lower bound for pg. By induction, p, > 1/k,
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hence

>1O_ 1)_1 Lo 1
Pt = k) "k 2T k+1

The last inequality (a) is obtained by

1 1 1 1
1 _ > fork > 1. 4.3
kT k+l k2ol a2 s (4.3)

4.4 Sparsification

Sparsification refers to the general method of taking a large, dense graph and producing
a smaller, sparse graph (over the same vertex set) that preserves some desired structure
of the original graph.

We start with a very familiar example. Recall that two vertices s and ¢ are
connected in an undirected graph if there is a path from s to t. Given an undirected
graph G' = (V, E), suppose we wanted a sparse subgraph G’ = (V, E’) such that any
two vertices s,t € V are connected in G iff they are connected in GG’. Here there is a
solution G’ with (slightly less than) n edges. The reader probably knows the answer
and should pause to realize it.

4.4.1 Preserving small connectivities

Definition 4.10. Let G = (V, E) be an undirected graph. The connectivity between
two vertices s,t € V is the size of the minimum {s,t}-cut. When G is unweighted,
this is also the maximum number of disjoint paths from s to t. The connectivity of an
edge e € F is defined as the connectivity of its endpoints.

Above, we discussed sparsifiers that maintain all pairwise connectivities in an
undirected graph up to connectivity 1. Here we will analyze a generalization by
Nagamochi and Ibaraki | ] for maintaining connectivities up to a fixed cardinality
k € N. That is, given an undirected graph G = (V, E) and a parameter k, we will
compute a set ' C F with less than kn edges with the following guarantees.

1. If s,t € V have connectivity ¢ < k in G, then s and ¢ have connectivity ¢ in F.
2. If s,t € V have connectivity ¢/ > k in GG, then s and t have connectivity > k in
G.
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branching-contractions(G = (V. E), ¢)

1. Let n = |V]. If n <3 then compute the min-cut by brute force.
2. Until [V] =[]+ 1:
A. Sample e ~ ¢ and contract e in G.
3. (] <+ branching-contractions(G,c).
4. (5 < branching-contractions(G,c).

5. Uncontract and return the minimum of C; and C,.

Figure 4.4: A randomized minimum cut algorithm that amplifies the
random-contractions algorithm by branching, due to Karger and Stein | ].

of random-contractions. The amplification technique is interesting in its own right
and extends past this particular problem.
A sketch of the algorithm, which we call branching-contractions, is given in
fig. 4.4.
Lemma 4.7. Let C*, and suppose we contract n — k edges sequentially at random.
k(k—1)

The probability that none of theses edges samples the minimum cut is at least (n 1)

Proof. For i € N, let E; be the probability that we have not sampled C* after ¢
iterations. We ware interested in P[E,_;]. We have

by (a) lemma 4.3. O

Theorem 4.8. branching-contractions runs in O(n?logn), and returns a minimum
cut with probability Q(1/logn).

Proof. We first prove the running time, and then discuss the correctness. The running
time is dominated by the recurrence

69



